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PART I

BACKGROUND:

INTEREST RATE AND DEFAULT MODELLING

1. INTEREST RATE MODELLING

Term Payment Value

Depends on:

· Amount (assumed fixed, no embedded option)

· Payment date (and current date)

· Currency

· Signature ( Writer’s records, term specifications (seniority, collateral, guarantor, etc.)

Possibly:

Sell price before Term date

· Market Efficiency Assumption ( Doesn’t affect price

Discount Factor
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t = Current date


T = Maturity date

Ya = Annual Yield

Yc = Continuously Compound Rate
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INTEREST RATE MODELLING: YIELD CURVE

INTEREST RATE MODELLING: ARBITRAGE PRICING

Hypotheses

1. Absence of Arbitrage Opportunity (AAO)

2. Complete Market (CM)

Fixed Income Instruments (No Option)

· Term Structure of Interest Rates:

AAO ( Yield Curve y(t,T)

· Discount Factors:

DF(t,T) = exp[–y(t,T)(T – t)]

· Series of Cash Flows (e.g. Straight Bond):
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INTEREST RATE MODELLING: ARBITRAGE PRICING

Interest Rate Options

· Yield Curve Random Process:

t ( y(t,T)

t ( T
· Discount Factor Random Process:

t ( DF(t,T) = exp(–y(t,T)(T – t)) 
t ( T
· Short Rate Random Process:


r(t) = y(t,t)

· Risk-neutral Probability:
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· The short rate process entirely determines the yield curve process:
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· European Option Pricing:
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T = Option Maturity       (T,y(T,.)) = Option Pay-off

· American and Bermudan Options: Black-Scholes-Kolmogorov Partial Differential Equation

( Numerical Pricing (Finite Differences, Monte-Carlo, etc.)

INTEREST RATE MODELLING: YIELD CURVE MODELS

1-Factor Short Rate Models

Assume Markov short rate process r(t)

· 1-D Recombining Tree

· No Risk-neutral drift constraint

· Vasiček:



dr = ( – r) dt +  dW
· Cox-Ingersoll-Ross:

dr = ( – r) dt +  (r dW
· Other Gaussian: Ho-Lee, Hull-White, etc.

· Other Log-normal: Black-Karacinski, Black-Derman-Toy, etc.

Multi-factor Models

· Heath-Jarrow-Morton:
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· Log-normal: Brace-Gatarek-Musiela “Market Model”, Jamshidian “Swap Rate Model”

· Quadratic: El-Karoui “Quadratic Gaussian Model”, Duffie-Kann “Generalised CIR”

· Non-necessarily Markov

· Imposed Risk-neutral Drift:
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2. CORPORATE BOND DEFAULT

Definition

· Failure to meet Financial Obligation (by the date or by the amount)

Valuation upon Default

( Asset Sell Price

Value  =
( Collateral + Expected Payment Over Collateral

( Expected Recovery Value – Risk Premium = “Risk-neutral” Expected Recovery Value

Seniority

· Impacts Recovery Value but Not Default Event Probability

· Senior Secured > Senior Unsecured

· Junior Secured > Junior Unsecured > Convertible

Recovery Rate
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Yield Spread

Spread = Actual Bond Yield – Yield of similar Gov. Bond

CORPORATE BOND DEFAULT: DEFAULT PROBABILITY

Bondholder Estimation

· Statistics, Rating

· Company Analysis: Balance Sheet, other Public Information

Default Time

· Default date:  (possibly beyond scope)

· Default probability before date T, knowing no default at date t :

P[ ( T |  > t]

· Probability of being alive at date T :

P[ > T |  > t] = 1 – P[ ( T |  > t]

Bond Rating by Agencies

· Moody’s Ratings: Default Probability only

· Standard & Poor’s Ratings: Default Probability + Recovery Rate

CORPORATE BOND DEFAULT: SPREAD & DEFAULT PROB’TY

Market Implied Default Probability

· R = Expected Recovery Rate

· P = Risk-neutral Default Probability

DF = Default-free Value = exp[(T – t) ( Default-free Yield]

Claim Value
= DF ( [(1 – R)(1 – P) + R]





(*)


= exp[–(T – t) ( (Default-free Yield + Spread)]
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(**)

· Positive Risk Premium ( Risk-neutral P > Actual P
Default Intensity

Intensity = Default Probability per Unit of Time (e.g. per annum)

· Example:

· Rating AA actual Default Intensity ( 0.20% p.a.

· Rating AA average spread ( 100 bp

· Expected Recovery Rate = 0 ( Risk-neutral Default Intensity = 1% p.a.

· Expected Recovery Rate > 0 ( Risk-neutral Default Intensity > 1% p.a.

CORPORATE BOND DEFAULT: OPTION ADJUSTED SPREAD

Embedded Option

· Callable Bond: Call-back option for the issuer

( Callable Bond = Straight Bond – Call Option

The call option can be rather exotic: exercise window, soft call, time-dependent callback value, etc.

· Convertible Bond: Conversion option for the holder

( Convertible Bond = Straight Bond + Conversion Option

Usually fixed conversion ratio. Exotic features: exercise window, trigger, etc.

Mortgage-backed Securities are often viewed as partially exercised callable bonds, the Prepayment Rate measuring which proportion of the option is exercised.

Option-adjusted Spread (O.A.S.)

1. Compute the value of the “Virtual Straight Bond” (VSB) by adding or subtracting the option value (arbitrage pricing)

2. Compute the VSB yield and that of the similar Gov. Bond (GB)

3. OAS = VSB Yield – GB Yield

4. Equation (*) applies with the OAS:

Exp[–(T – t) ( OAS] = (1 – R) ( P + R

3. DEFAULT MODELLING: SINGLE ISSUER

Structural Approach 

· Merton (1974), KMV software

· Issuer Value at date t (random process): Vt
· Critical Date T : Default ( VT < 0 (regardless of value before T)

· Gaussian PDF — and not Log-normal — assumed for VT
· Mean:(VT  , Standard Deviation:  = (VT (T–t
· Default Probability: 
 EMBED Equation.3  
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     = Gaussian cumulative function
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DEFAULT MODELLING: OTHER STRUCTURAL APPROACHES

Continuous Default Barrier

· Avellaneda-Zhou (2001), Hull-White (2000)

· Vt is not necessarily the firm value, but can be some “abstract” process, e.g. “rating”

· Default occurs if Vt( < 0 for some t( ( T
· Default probability computed like a Barrier Option
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Several Critical Dates

· More realistically, default occurs if one of VT1…VTn is negative, t < T1 < … < Tn = T.

· Closed form formula for the default probability exists. Complexity depends on the number of critical dates.

· If many critical dates, the continuous barrier is a good approximation.

DEFAULT MODELLING: OTHER STRUCTURAL APPROACHES

Random Default Barrier

· Finkelstein-Lardy (2001), CreditGrade software

· The “default barrier” is an unknown random variable. It is not a process, so it doesn’t move, but, because its location is not known, crossing occurs unexpectedly.
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· Realistic spread process and default probability

· Computationally intensive calibration

Jump Process for the Firm Value

· Accounts for catastrophic events and unexpected announcements.

DEFAULT MODELLING: INTENSITY APPROACH

Random Default Time 

· Jarrow-Turnbull (1995), Jeanblanc-Rutkowski (2000), CreditRisk+ software

· The date of default is a Poisson Process: the probability of occurrence is proportional to the elapsed time (for short periods of time).

· Default Intensity:

 = Default Time   (t) = Default Intensity at date t

P[t (  ( t + dt |  > t] = (t) dt
· Default Probability:
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· Relation with yield spread:

· If No Recovery is assumed then

Risk-neutral Intensity = Forward Yield Spread

DEFAULT MODELLING: INTENSITY APPROACH

Difference with Structural Approach

· One can match term default probabilities P[ ( T]

· Short-term default probabilities are much smaller with the structural approach than with the default intensity approach (unless jump process).
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DEFAULT MODELLING: RATING MIGRATION

Models

· Lando (1999), Crouhy-Im-Nudelman (2001)

· CreditMetrics software

Rating Migration Probability Matrix

· Pi(j = Migration Probability: Rating i ( Rating j

(j Pi(j + Pi(default = 1

M(t1,t2) = [Pi(j]AAA ( i,j ( Default

· No resuscitation from Default ( Last Row = (0,…,0,1)

Markov Chain

M(t1,t3) = M(t1,t2) ( M(t2,t3)      
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DEFAULT MODELLING: RATING TRANSITION MATRICES 

US Corporate Bonds – All Sectors (from S&P 1999)

0 to 1 Year

	0 to 1
	AAA
	AA
	A
	BBB
	BB
	B
	CCC
	Default
	NR

	AAA
	89.61% 
	6.61% 
	0.40% 
	0.10% 
	0.03% 
	0.00% 
	0.00% 
	0.00% 
	3.25% 

	AA
	0.58% 
	88.65% 
	6.55% 
	0.61% 
	0.05% 
	0.11% 
	0.02% 
	0.01% 
	3.42% 

	A
	0.06% 
	2.28% 
	87.48% 
	4.72% 
	0.47% 
	0.21% 
	0.01% 
	0.04% 
	4.73% 

	BBB
	0.03% 
	0.24% 
	5.05% 
	83.04% 
	4.33% 
	0.80% 
	0.12% 
	0.21% 
	6.18% 

	BB
	0.03% 
	0.10% 
	0.43% 
	6.43% 
	74.68% 
	7.13% 
	0.99% 
	0.91% 
	9.30% 

	B
	0.00% 
	0.11% 
	0.28% 
	0.49% 
	5.36% 
	73.81% 
	3.48% 
	5.16% 
	11.31% 

	CCC
	0.14% 
	0.00% 
	0.28% 
	1.12% 
	1.54% 
	9.13% 
	53.09% 
	20.93% 
	13.77% 

	Default
	0.00% 
	0.00% 
	0.00% 
	0.00% 
	0.00% 
	0.00% 
	0.00% 
	100.00% 
	0.00% 

	1 to 2
	AAA
	AA
	A
	BBB
	BB
	B
	CCC
	Default

	AAA
	89.53% 
	7.97% 
	0.28% 
	1.46% 
	0.00% 
	0.57% 
	0.19% 
	0.00% 

	AA
	0.34% 
	89.60% 
	8.96% 
	0.44% 
	0.03% 
	0.32% 
	0.20% 
	0.11% 

	A
	0.09% 
	1.96% 
	91.38% 
	4.87% 
	0.24% 
	0.00% 
	0.06% 
	1.39% 

	BBB
	0.23% 
	0.13% 
	5.05% 
	87.93% 
	3.69% 
	0.55% 
	0.00% 
	2.41% 

	BB
	0.06% 
	0.12% 
	0.58% 
	5.79% 
	84.74% 
	5.90% 
	1.59% 
	1.23% 

	B
	0.00% 
	0.05% 
	0.22% 
	3.61% 
	6.43% 
	81.89% 
	3.04% 
	4.76% 

	CCC
	0.02% 
	0.04% 
	0.65% 
	11.93% 
	1.15% 
	8.26% 
	66.31% 
	11.63% 

	Default
	0.00% 
	0.00% 
	0.00% 
	0.00% 
	0.00% 
	0.00% 
	0.00% 
	100.00% 


1 to 2 Years (non-rated excluded)
DEFAULT MODELLING: CONTINUOUS RATING

Synthesis between Rating and Structural Approaches

· Hull-White (2000), Albanese & al. (2002), Douady-Jeanblanc (2001)

· Intensity = 2 states Rating model: No-default / Default

· Structural = Continuous Rating, 100% correlated with Firm Value (i.e. underlying stock)

· The continuous rating interpolates agencies’ rating

· It is market implied and may anticipate actual rating by agencies

· Continuously observed, or at some critical dates only.

DEFAULT MODELLING: CONTINUOUS RATING

Douady-Jeanblanc Model

· R(t) = Rating at date t : Jump-Diffusion process – Attached to the issuer

Unreachable rating R(t) = 1 ( Non-defaultable security

· Default Barrier: R(t) = 0

· Defaultable Discount Factor:  DF(t,T,R) = exp[–(y(t,T) + (t,T,R))(T – t)]
· y(t,T) = No-default yield curve

· (t,T,R) = Yield spread over “non-defaultable” zero-coupon bonds

(t,T,R) is a random process driven by factors, like HJM.

· Recovery rate = DF(t,T,0) / DF(t,T,1) = exp(–(t,T,0)(T – t))

· Bond value by adding-up coupons and principal.
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4. CREDIT RISK ANALYSIS

Counterparty Exposure: Fixed Income

· Amount invested in loans and bonds issued by the counterparty

· Reductions:

· Collateral

· Guaranties, including credit derivatives (e.g. CDS)

· Expected Loss = (Exposure – Expected Recovery Value) ( Default Probability

Counterparty Exposure: Contingent Claims

· Value-at-Risk Conditionally to Default Event of the net position with counterparty.

· Usually larger than the unconditional Value-at-Risk, because default is more likely to occur when a large amount is due.

· Conditional Expected Loss = Expected Negative Net Position upon Default

· Expected Loss = (Conditional Expected Loss – Expected Recovery Value) ( Default Probability

CREDIT RISK ANALYSIS: SPREAD RISK

Rating Migration Risk

· “Official” downgrade by agencies

· Negative info impacting confidence in issuer ( Market downgrade anticipation

· Company announcement

· Analysts’ commentaries

· Negative info on the whole sector

· Followed or not by agencies downgrade

· Balance sheet modification

· Increased debt level

· Equity depreciation

· Sale of assets

Market Risk

Yield curve shift

· Impact on bond yields

· Impact on collateral

· General spread shift

· Equity move impact on issuer’s spread

PART II

SINGLE ASSET CREDIT DERIVATIVES

1. TRADITIONAL STRUCTURED PRODUCTS: ABS

Asset-backed Securities Decomposition

Consider the ABS as a combination of:

· Unsecured Security (US), possibly in default

· Collateral (C)

· Define the Unsecured Security Given No Default (USGND) as a non-defaultable security with the same characteristics (maturity, coupon, etc.).

· The ABS is an option with the following pay-off: Min(Max(US, C), USGND)


· The option maturity is the default time, in the event it occurs before the ABS maturity.

TRADITIONAL STRUCTURED PRODUCTS: ABS

Pricing Method: Monte-Carlo

· Simulate the Security, assuming no default: USGNDk in paths k = 1…N
· Simulate the Collateral: Ck in paths k = 1…N
· Simulate the default time: k in paths k = 1…N
· Simulate the recovery rate: Rk in paths k for which k ( T (the maturity)

· Set Rk = 100% in paths k for which k > T (i.e. no default)

· Set USk = Rk ( USGNDk in paths k = 1…N
· Compute the pay-out of each path: POk
· Non-default paths: Security full coupons and principal

· Default paths: Coupons until k + Min{Max[USk(k), Ck(k)], USGNDk(k)}

· Simulate the discounting by cash rate in each path: 
 EMBED Equation.3  
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Average discounted pay-out:
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TRADITIONAL STRUCTURED PRODUCTS: CONVERTIBLE

Convertible Decomposition

· Straight Bond: Option-free defaultable bond

· Conversion Option: Call on k ( Stock – Straight Bond, Strike = 0, k = conversion ratio

Exercise window : [T1, T]  T1 ( T = Bond maturity

· Possibly, Soft Call: short a call on (Straight Bond + Conversion Option), with possible Trigger



TRADITIONAL STRUCTURED PRODUCTS: CONVERTIBLE

Pricing Method: 2D-Tree

· Variables:

· Stock S
· Straight Bond Yield (including spread) Y
· Assume short rate fixed (or deterministic): r
· Build Tree: (Si,Yj)

· Volatilities and Correlations depend on Node: Higher correlation when the Stock approaches 0.

· Define weights i​ up/still/down, j up/still/down
· Weights add-up to 1 – rt
· Match Risk-neutral expectation of Stock and Straight Bond (only depends on Y)

· Match Second Moments: 2 Volatilities + 1 Covariance

· Set boundary values = Pay-out for T1 ( t ( T :

· Min[Max(Straight Bond, k ( Stock), Soft Call]

· Roll back the 2D Tree in order to get the Convertible Bond current value

· Trigger on Soft Call:

· Ignore Trigger. Store the Tree value with the Soft Call in each node beyond Trigger
· Second pass in the Tree: Consider values on the Trigger as boundary values.

Monte-Carlo

Difficulty of American Option Pricing by Monte-Carlo

· Solutions exist, e.g. Optimal Threshold.

TRADITIONAL STRUCTURED PRODUCTS: CONVERTIBLE

Approximate Closed Form 1: Fixed Correlation Stock / Spread

· Define option underlying U = N (1 + c) + k S – B
· N = Nominal, S = Stock, B = Straight Bond, c = Coupon / Frequency

· Assume U is log-normal, Forward = k ( Stock Forward

· Compute underlying average volatility(U
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 EMBED Equation.3  [image: image22.wmf]S

U

U

s

a

s

a

s

+

-

=

0

)

1

(


· Use stock implied volatility if available

· Bond volatility B = Duration ( Yield ( Y
· Yield includes spread, its volatility as well.

·  = Correlation Stock / Yield (usually negative) ( Correlation Stock / Spread

· Interpolation weight  depends on the exercise window, e.g.  = 0.5 if immediately exercisable,  = 1 if only exercisable at maturity.

· Compute conversion option: Black-Scholes formula if exercise window concentrated on the end, approximate American option closed form valuation otherwise, e.g. Barone-Adesi & Whaley.

· Assume Soft Call underlying = k ( S and compute it like a Knock-in Barrier Option

· Convertible = Straight Bond + Conversion Option – Soft Call

CORPORATE BOND SPREAD: PUT OPTION APPROACH

Default Event Analysis

· In case of a sharp drop of the stock value, the issuer can only reimburse its total debt up to an amount proportional to its current market capitalisation.

· Each particular issue will be attributed a proportion of this amount, which depends on the seniority and the possible collateral.

· Therefore, the full issue value is capped by Min(Default-free Issue, k ( Market Cap)

k =  ( Nominal Issue / Full Debt, Ratio  depends on seniority.

· Each Bond Unit (base 100) is capped by Min(Default-free Bond, 100 (  S/L), L = Debt per Share

· Corporate Bond = Default-free Bond – Put on S
· Strike (per share) = L ( Default-free Bond / (100 ( )

· Put notional amount in shares = 100 (  / L 

· Maturity = Bond maturity

· Volatility ( Stock implied volatility

Features

· Natural Recovery rate

· Explains spread correlation with

implied volatility

· Difficulty: estimate  and L
2. CREDIT DERIVATIVES: SINGLE ASSET PRODUCTS

Defaultable Loan / Security

Credit Derivatives

Spread Products

Default Products

Replication Products

Total Return Swap

Credit Spread Forward

Credit Default Swap

Credit Spread Option

Default-free Benchmark

Indemnity Agreement



CREDIT DERIVATIVES: TOTAL RETURN SWAP

TRS Structure

· Create synthetic Corporate Bond


· At TRS maturity, there is a settlement between the bank and the investor, equal to the difference between the current bond price and the initial price at inception (e.g. Bond Nominal).

· The Investor fully supports the credit risk. In case of default, he must pay the bank the difference between the distressed bond value and the initial price and the swap terminates.

· Requires reliable underlying bond quotation.

Rationale for a Virtual Bond

· Removes liquidity barriers.

· Possibility for the bank to virtually short the bond.

· Monitor credit exposure along maturities.

· Diversify credit risk with TRS on baskets of bonds.

CREDIT DERIVATIVES: CREDIT SPREAD PRODUCTS

Credit Spread Swap

· Credit Derivative attached to a quoted security


· Credit Spread Computation ignores embedded options:

Spread = Corporate Bond Yield – Reference Rate (Gov. Bond or Swap Rate)

· Approximately replicate a Fixed Income security, but still bear the default risk:

Corp. Bond + Credit Spread Swap = Fixed Income (until default)

· Strip out Spread Risk from Default Risk

· Pricing by Approximate Closed Form involves:

· Default Probability

· Recovery Rate

· Series of Bond Values from the same Issuer

CREDIT DERIVATIVES: CREDIT SPREAD PRODUCTS

Credit Spread Forward

· Credit Spread Swap Stripping ( Credit Spread Forward

· Forward Credit Spread Computation:

Forward Spread = Forward Corp. Yield – Forward Ref. Rate (Gov. Bond or Swap Rate)

· Pricing by Approximate Closed Form involves Series of Bond Values from the same Issuer

· Difficulties:

· Not enough tradable issues for an “arbitrage pricing”

· Short sale constraints

· Embedded options

· Liquidity issues ( Bid/Offer spread instability

Credit Spread Option

· Provides protection while keeping the upside

· Volatility computation:

· Historical

· Correction with Stock Implied Volatility and Correlation of Stock and Spread

Relative Credit Spread Swap

· Exchange of credit spreads from two different corporate bonds.

CREDIT DERIVATIVES: CREDIT DEFAULT SWAP

CDS Structure

· Exchange fixed payment against default protection


· Arbitrage Relation

Corporate Bond + CDS = Default-free Bond

In theory, the Par CDS Fee is the difference between the Corporate Bond Coupon and that of a default-free bond that would have the same price.

· It differs slightly from the Yield Spread (but close)

· In practice, Par Fees are usually higher for liquidity reasons (40-60 bp’s)

· Non Par Fee ( CDS Price ( 0

CDS Sensitivity to Par Fee  Sensitivity to Coupon Rate ( Sensitivity to Yield Spread

· CDS Sensitivity to Par Fee depends on Default Probability and Recovery Rate, and may differ for the same level of spread.

CREDIT DERIVATIVES: INDEMNITY AGREEMENTS

Agreement Structure

· Fixed or Determined Payment in case of Default

· Usually, Minimum Default Amount in order to apply


· Fixed Fee only depends on Default Probability

· Separates Default Probability from Recovery Rate

· More complex Structures

· Basket of Bonds (same or several issuers)

· Payment depends on default amount, e.g. “in excess of A1 but not more than A2
Pricing

· Compute Default Probability and Expected Default Time

· Closed Form or Monte-Carlo, depending on structure complexity.

PART III

MULTIPLE ISSUER AND PORTFOLIO

CREDIT DERIVATIVES

1. CORRELATED DEFAULT MODELLING: STRUCTURAL MODEL

Generalised Merton Model

· Firm value random processes: Vt1,…,Vtn  (Gaussian, not log-normal)

· Volatilities i , i = 1…n
· Correlations ij , i, j = 1…n 
· Default of Firm i occurs at observation date T if VTi ( 0

Hull-White

“Abstract Rating Process” Rti (pure Brownian motion) attached to each firm i = 1…n
· Default barriers Hi(t), i = 1…n
· Volatility = 1 for all rating processes

· Correlations ij , i, j = 1…n 
· Default of Firm i occurs at, or before, date T if Rti ( Hi(t) for some t ( T.

Pros and Cons

· Realistic correlation of default events

· One default increases the default intensity of correlated issuer

· Default correlation may differ from that of underlying stocks

· Ignore catastrophes ( Jump processes

· Jump correlation?

CORRELATED DEFAULT MODELLING: INTENSITY MODEL

Copulas

Default time random variables: 1,…,n
· Time-dependent Intensities: 1(t),…,n(t)
(if intensities are random, then Forward Intensities)

· Define for each firm i a random variable zi uniformly distributed in [0,1] :
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Default probability at T = Prob(i ( T) = Prob(zi ( ) where 
 EMBED Equation.3  
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· A Copula is a joint distribution of random numbers (z1,…, zn) ( [0,1]n such that each number zi is uniformly distributed in [0,1].

· Examples for 2 firms:

· “Joint Default Or Independence” (JDOI): Uniform distribution on the diagonal {z1 = z2} with weight p (joint default probability) + Uniform (independent) distribution on the whole square [0,1] ( [0,1] with weight 1 – p.

· Correlated Gaussian distributions with given correlation: zi = (xi), where xi , i = 1, 2, are correlated Gaussian distributions with the given correlation 
· The complexity of copulas increases exponentially with the number of firms

( Necessity to restrict the range of possible copulas (e.g. Correlated Gaussian, but not JDOI).

CORRELATED DEFAULT MODELLING: INTENSITY MODEL

Economic Events

· Duffie-Singleton (1997)

· 1,…,q are random “economic events”: independent Repeatable Poisson Processes with intensities 1,…,q
Every time one of the events i occurs, there is, for each firm j, a probability ij that it induces the default of the firm. These “inductions” are pair-wise independent.

· Firm j default time, j is a Poisson process with intensity: 
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· The joint default intensity of firms j and k is: 
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Pros and Cons

· Realistic correlation of default events

· Controlled complexity (possibility to calibrate a correlation matrix)

· Can be used to model jumps in structural models

· One default doesn’t increase the default intensity of correlated issuer

CORRELATED DEFAULT: 2 ISSUERS RISK

Joint Default Borrower + Guarantor

· Assuming Default Independence is misleading:

Joint Default Probability >> Borrower Default Prob. ( Guarantor Default Prob. ( 0

· The structure “Corporate Bond + CDS” still bears the joint default risk

( Different from Gov. Bond

· Intensity Models:

· Copulas: Joint Default Probability (Gaussian will underestimate this risk)

· Duffie-Singleton

· Structural Model: Joint Default underestimated if Pure Diffusion

· Jump-diffusion process for the Firm Value

· Stochastic Volatility or “Regime Changes” (volatility jumps)

Relative Spread Swaps and Options

· Accurate Spread modelling

· Intensity Model ( Stochastic Intensity (e.g. CreditRisk+) and/or Stochastic Recovery Rate

· Structural Model with Correlated Firm Value

· Rating-based Model: Continuous Rating

CORRELATED DEFAULT: MANY ISSUERS RISK

“First n To Default” Swap


· Only defaults that exceed some given amount and/or some given lag can be taken into account.

· Payments cover the “fall in value” of the firt n defaulting bonds in the pool.

· Payments may be capped by a global amount, or an amount per observed default.

· Drastically reduces the risk of large baskets of bonds, even for rather small n ( Improve Rating

· Doesn’t hedge “mega catastrophes”, where many assets default at the same time.

Modelling Issues

· Intensity models: If n > 1, the Swap is very sensitive to the impact of a default on other’s intensities.

( Duffie-Singleton appropriate only for n = 1. Use Copulas if n > 1 (e.g. Gaussian)

· Structural Models: Better adapted

· For fixed Bond-wise Default Probability, Negative sensitivity to Default Correlation.

CORRELATED DEFAULT: MANY ISSUERS RISK

“Tranche” Insurance






· Provides protection on a basket of assets:

· Above a pre-determined amount,

· Capped at some given level.

· Typical in “Special Purpose Vehicle” (SPV) structure to improve the rating.

· Doesn’t hedge Liquidity Gap on One Single Bond, but Adds Value to the whole Basket.

Modelling Issues

· Intensity models: Sensitive to impact of a default on other’s intensities.

· Structural models better suited.

· Sensitivity to Recovery Rate depends on Tranche level.

PART IV

MODEL CALIBRATION, STATISTICS

AND NUMERICAL ISSUES

MODEL CALIBRATION: INPUT DATA

Bond Prices and Yields

· Large and Irregular Bid/Offer spreads, infrequent transactions

· Accurate look at actual transactions

· Thorough data cleaning

· Avoid “flat price” ( Lack of transaction

Option-adjusted Spread

· Compute option(s) value(s) with approximate closed form / Tree:

· Black-Scholes formula or Bi/Trinomial tree pricing, depending on option type

· Barrier closed form for soft call option

· Volatility obtained from

· Swaption implied volatility of equivalent maturity for the default-free yield

· Stock implied volatility

· Statistical OAS volatility and correlation with stock

· Compute Straight Bond, then its Yield

· OAS = Straight Bond Yield – Default-free Yield (from Par Swap or Gov. Bond)

· Build OAS historical series for statistics.

Ratings, Default Events and Recovery Rates

· Internal or Agencies’ data.

MODEL CALIBRATION: SPREAD STATISTICS

Spread Curve per Rating

· For each class of Country / Industrial sector / Rating, compute every day the average Spread Curve over Gov. Bonds or Swaps (use OAS)

· Moody’s ratings only focus on the default probability:

( Different seniorities with the same rating imply different spreads

· S&P ratings include the recovery rate:

( Different seniorities with the same rating imply different default probabilities

· In both cases perform separate calibration for each level of seniority

· Identify Principal Components of the Spread Curve

Spread Correlation

· Correlation with Issuer’s Stock ( Convertible Implied Volatility

· Correlation with Issuer’s Stock Implied Volatility ( Convertible Arbitrage

· Correlation of Spreads from Different Issuers ( Market implied Firm Value/Rating correlation for Structural Models







MODEL CALIBRATION: RATING STATISTICS

Migration Probabilities

· Rating agencies provide annual statistics of rating migrations.

These statistics should be performed on bonds that kept their rating. Reasons for losing a rating are:

· Issuer buy-out

· Bond call-back (callable bonds) or conversion (convertible)

· Issue fully bought by one bond holder

· …

Continuous Rating

·  “Interpolate” the Markov chain by a jump diffusion by a best fit of volatility and jump parameters (frequency and size)

· Penalise non-stationary parameters

· Newly issued bonds + low rating (( CCC) have a smaller probability of keeping the same rating

· Correlations:

· Rating correlation = OAS correlation (or stock correlation if OAS computation not stable)

· The jump part is only devoted to exceptional events: Fit Duffie-Singleton “impact probabilities” ij and Events Intensities on large spread moves only.

DOUADY-JEANBLANC MODEL SUMMARY

Bond Price and Default Modelling

Rating Process Rt ( [0, 1)

· Rt = 1 ( No default is possible = unreachable state

· Rt = 0 ( Default = absorbing state

Between these two bounds, Rt is a Markov jump-diffusion process.

The process Rt is attached to each issuer, regardless of the bond seniority.

Spread Field t(x, R)

t(x, R) = –Log(Discount vs. Treasuries)

· x = payment time to maturity

· R = rating

· DF(t, T, R) = exp(​–rt(x) x – t(x, R))

x = T – t
· Yield spread st(x) = t(x) / x where t(x) = t(x, Rt)

· t = t(x, 0) = “Recovery spread” = –Log(recovery value / non-default value)

The full bond price is obtained by adding up the coupon and principal values.

There is one “spread field” for each level of seniority (recovery rates are different).

DOUADY-JEANBLANC MODEL SUMMARY

Default-free Interest Rate model

· Default-free Interest Rate model:
HJM or BGM

· 
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rt = ft(t) 

x = T – t
· 
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Rating Jump-Diffusion Specifications
· Jump-diffusion for the rating Rt
· dRt = ht dt + (t,Rt) dBt + (t,Rt) dMt

dMt = dNt – t dt

· (t,Rt) rating volatility

· Nt
 Poisson counting process with intensity t ( Mt martingale

· ( t
 0 ( Rt < 1
( (t, 1) ( 0 and –Rt ( (t,Rt) < 1 – Rt
· Default occurs as soon as Rt = 0 which is an absorbing state

DOUADY-JEANBLANC MODEL SUMMARY

Defaultable Bond Pricing

· Defaultable Zero-coupon D(t,x,Rt)


[image: image30.wmf](

)

)

,

(

)

(

exp

)

,

,

(

t

t

t

t

R

x

x

R

x

t

D

y

-

-

=

l


· Spread over default-free rate 
· 
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· 
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· ( t, x, R
t(x, R) ( 0
t(0, R) = 0

· For fixed R :
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· Recovery rate

· 
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deterministic or random

· 
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 implied by the recovery rate t(x)

· Deterministic recovery rate ( 
 EMBED Equation.3  
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DOUADY-JEANBLANC MODEL SUMMARY

Risk-neutral Probability

Risk-neutral drift of D(t,x,Rt)
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· Composition of random processes
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DOUADY-JEANBLANC MODEL SUMMARY

Risk-neutral Drift of the Rating

· Correlations

· 
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· Computation of the drift ht under the risk-neutral probability
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· Monte-Carlo Rating Risk-neutral drift calibration

(T > t, (R ( [0,1)  
 EMBED Equation.3  
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DOUADY-JEANBLANC MODEL SUMMARY

Credit Derivative Pricing

One Obligor

· As usual, the “market price” of a claim C(t) with (random) maturity  and pay-out C() is:
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where Q is the risk-neutral probability.

· For credit derivatives, this is not an arbitrage price, because the market is not complete

· The risk premium p of a claim under probability P is given by:
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D = volatility of discount factor

Several Obligors

· Ratings Rti are driven by correlated Brownian motions Bti
Merton’s approach suggest that the correlation should be that of the obligors’ stocks

(see Crouhy-Im-Nudelman)

· Jump processes can be correlated through Duffie-Singleton “events” approach.
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