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1 The Structure of Statistics

Statistics provided by rating agencies (S&P and Moody’s) are yearly sampled matrices of transition probabilities, per industry and for the whole market, of bonds and loans. For both agencies, there are around 20 ratings, including sub-ratings (grades + and – for S&P, figures for Moody’s) but provided matrices usually ignore sub-ratings. S&P provides term transition matrices and Moody’s, yearly matrices
. 

We have been working on a series of 15 statistical 8(9 matrices from S&P — ratings AAA, AA, A, BBB, BB, B, CCC, the extra column D corresponds to default —. In the k-th matrix, the entry pijk is the proportion of assets that, k years ago, were in rating i and have the rating j today, including possible default. The rows of the matrices don’t necessarily add up to 1 because some assets are not rated anymore.

If the asset population were stable, then it would be possible, from this information, to retrieve the proportion of assets that went from rating i to rating j between k years ago and k–1 years ago by computing a “ratio” of matrices. Let Mk = (mijk) be the “term” transition matrix from year –k to year 0 and denote by Pk = (pijk) the matrix from year –k to –(k–1). In other words, mijk is the proportion of bonds that existed k years ago, had, at that time the, rating i and have, today, the rating j (including default), while pijk is the proportion of those bonds that took the rating j in year –(k–1).

In order to get square matrices, add a last row that corresponds to assets initially in default. Default being absorbent (no “resuscitation”), this last row is (0,0,…,1). With this adaptation and under the hypothesis that the asset population is unchanged, one has:

Mk = Pk ( Mk–1

Therefore:
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This formula remains valid if one inserts a new row and a new column corresponding to “non rated” assets. Like default, this state is absorbent and the last row is (0,0,…,1). The last column is filled in such a way that the rows add up to 1. It indicates the proportion of assets in each class of rating that become non-rated.

There are various reasons for an asset to loose its rating. The most obvious one — and probably the most frequent — is simply that the asset disappears after maturity or because it has been called back (prepayment). It may also happen that, after a merger or a buy out of the issuer, the bond is re-issued under another name and that hasn’t been detected by the database. Finally, the rating agency may skip the asset but, in this case, CIBC would provide a rating anyway, as soon as the asset is present in some portfolio.

In practice, assets issued during the k-th year in arrears affect these formulas. They are taken into account in Mk–1 but ignored in Mk . The above formulas, however, would be valid if newly issued bonds had the same statistical behavior as existing ones. Unfortunately, this hypothesis is not verified and Pk computed as above has negative entries: slightly up to 5 years, then stronger and stronger, up to meaningless values beyond 8 years. The major consequence is that we miss information to find out the migration statistics sorted between old and new assets.

In order to account for newly issued assets, the induction formula must be modified as follows. Still denote by Pk the transition matrix from year –k to –(k–1) and let Qk and Rk be the same matrices, respectively restricted to assets that were issued at least k+1 years ago, and assets that were issued during the k+1-st year in arrears. Let Nk be the transition matrix from year –k to now, restricted to bonds that were issued at least a year before. Finally, let ik be, among assets that had rating i in year –k, the proportion of those that were issued less than a year before and denote k = diag(1k,…,nk). It can be checked that:

Pk = (I – k)Qk + k Rk
Nk = Qk Nk–1

Mk = Pk Nk–1
These relations are visible in the following diagram:








Consider the matrix D​k defined as follows:

Dk = Pk – Qk = k (Qk – Rk)

It represents by how much statistics of newly issued assets differ from that of the overall population, weighted by the proportion of new assets. 

If only term matrices Mk are available, we get, from the above relations, an induction formula for Nk and Qk :

Nk = Mk – Dk Nk–1
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Note that, as soon as k ( 2, Qk is the transition matrix we wish to apply in the simulation of the rating process. The missing information appears clearly as matrices Dk . Different hypotheses have been tested to recover these data. We can first assume that these matrices are time independent, i.e. don’t depend on k, and try to find a matrix D such that all the Qk’s have positive entries. This appears not possible to be possible. An improvement is to assume that matrices Dk are all proportional to a single matrix D1 (i.e. the difference Qk – Rk is fixed and proportions ik depend only on the time k, but not on i). Over 10 years, we are able to limit negative entries to less than 3% with a reasonably small correction matrix D1 . Proportions k are regularly increasing in time. More sophisticated hypotheses are under study, with a heavier computation burden.

With Moody’s database, it is possible to compute, on a yearly basis, the full statistics of 1 year transition probabilities. These probabilities can be sorted out with respect to the assets seniority. It appears again that migration probabilities of assets rated Caa to B depend on whether the asset is a new issue or not.

2 Rating Migration Modeling

2.1 Risk-neutrality

Credit derivatives, as well as risk measurement, depend in a major way on rating transition matrices. These matrices must fulfill two requirements: respect statistics and match market prices. These two requirements are incompatible: actual default probabilities are usually much lower than implied ones, the difference being due to the market price of risk. Bond prices and CDS spreads provided indeed an implied probability of default, however, they give no information on migration probabilities. From the mathematical point of view, it is not possible to change default probabilities — in order to match market prices — and leave migration probabilities unchanged. Global Analytics (M. Crouhy, G. Nudelman and J. Im) made a model where asset ratings are associated with certain buckets in which a continuous, Brownian type, “rating process” of each asset falls into. The location and the size of the buckets are set in order to match historical rating transition probabilities. Then they prove that shifting in a parallel manner all the buckets produces the risk neutral price process that one should apply in derivative pricing. The shift value, which only depends on time, country and industrial sector, but neither on the rating, nor on the maturity, is implied by market price matching. In other words, this approach uses both rating migration statistics and bond yield spreads, even if incompatible, and is able to produce market consistent derivative prices.

More details on the model can be found in M. Crouhy, J. Im, G. Nudelman “Measuring credit risk: the credit derivative approach extended for credit derivatives” and in R. Douady “Comments on the Multiple Cash-flow Category model (MCC) for credit swaps”.

2.2 Transition matrices

In order to compute transition matrices, several issues should be addressed:

· Term structure of rating migration probabilities

· Age of assets (especially less/more than 1 year)

· Stability through time

· Asset migration vs. obligor migration

· Seniority

Basically, one computes 1-year transition matrices in the country and the sector concerned by the derivative, for many years in the past. Moody’s database goes back to as far as 1970, if not earlier. We denote by T1 ,…, Tn the sequence of transition matrices that are going to be used in the model (before the shift to risk-neutral probabilities).

As suggested by the statistical analysis above, migration probabilities for the first year T1 should be based on statistics of all the assets. Then for the following years T2 ,…, Tn , they should reflect statistics restricted to assets that are at least one year old.

Greg Nudelman’s suggestion to input a term structure is to select, in the past, a year –h that is in the same position as the current year in the economic cycle, then use statistics of the following years, i.e. with the notations of sect.1:

T1 = Ph–1

Tk = Qh–k    k ( 2

(remember that Pk’s and Qk’s are going backward, but Tk’s are going forward). This approach is very interesting, although the selection criteria are not clear.

A simpler solution is to take the previous year as a “flat” structure: T1 includes all the assets. Other matrices Tk , k ( 2, are all equal to the same matrix, that excludes new assets:

T1 = P1

Tk = Q1
    k ( 2

The main inconvenient is the instability of P1 and Q1 . Averaging Pk’s and Qk’s over several past years reduces the instability:
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Such an “arithmetic” average is valid because the only consistency conditions on transition matrices is that rows add up to 1 and that entries be nonnegative. These conditions are preserved under linear combination with positive weights. Another advantage of weights is that, when a new historical matrix is available, it can be introduced smoothly, so derivative prices won’t jump because of a brutal change in statistics.

The spreadsheet Transition.xls contains a VB function PowerMat(Matrix, Exponent) that computes non-integer powers of a matrix. The algorithm is based on a ratio of polynomials of the matrix. It takes two optional arguments: the matrix size (automatically read if not provided) and the degree of the polynomials (default = 15, which is a good trade-off between accuracy and computation time).

Thanks to this function, one can use time steps shorter than one year. Moreover, one can replace arithmetic averages by “geometric” ones:
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Tests must be made to check which of the two averaging techniques produces the most stable results.

The term structure of transition matrices can be addressed by the age of assets. The matrix Tk only involves assets that are ate least k years old. Therefore, historical matrices used for the computation of Tk should be restricted to assets that were already present k years before, creating thereby some term structure. The drawback of this approach is that it reduces the sample of assets to make statistics on, hence the precision of statistics, especially for low probabilities. Averaging becomes essential.

2.3 Asset Migration vs. Obligor Migration and Seniority

The contractual definition of a credit derivative relies on the notion of default. Usually, if an obligor defaults on an asset, whatever its seniority, it is declared in default for all its obligations. The seniority only impacts the recovery rate in case of default. From this point of view, Moody’s ratings are better adapted than S&P’s ones. Indeed, they ignore the recovery rate and only focus on the default probability.

The rating migration statistics that we must perform are based on the rating of obligors rather than that of asset. It should be checked in Moody’s database, that assets issued by the same issuer and with the same maturity have the same rating. If this is the case, then an obligor’s rating is equal to the common rating of its issues. Otherwise, we must restrict statistics to senior unsecured debt. If discrepancies still remain, then use an average rating.

If there is a strong maturity dependency of ratings, then the most appropriate rating is that which corresponds to the derivative maturity. Indeed, we shall have to simulate default on this period of time. Otherwise, rating average is the best solution because it avoids reducing the sample population of issues.
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� Moody’s supplies in fact a whole database of assets with their rating history, from issuance to maturity (or today if still alive).
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