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Abstract

We present a new methodology for option pricing, using an approxima-
tion of the kernel of the Black & Scholes P.D.E. by step functions, instead
of Dirac measures like in the Cox, Ross & Rubinstein binomial tree. The
algorithm one can derive from this methodology converges very rapidly, as
well for the prices, as for the derivatives A, T', 9, ©, p and works with the
same efficiency for European and barrier options. The principle can be ap-
plied to American options using the Mac Millan or Barone-Adesi & Whaley
”semi-analytic” approximations. This will be the topic of the second part
of this work.

1. Introduction

The so-called ”binomial tree” algorithm, developed by Cox, Ross and Rubinstein
(see [1]) is widely used in the pricing of American options. It has however a major
drawback: the slowness of its convergence and the consequent amount of time
required to achieve the risk analysis of big portfolios. Further more, in the case
of barrier options ("up & out” options, etc.) the binomial tree not only converges
rather slowly on prices, but simply does not converge at all on the A, T', etc!.

1Some computational tricks may give rather good results on the A.



This phenomenon finds its origin in an incorrect use of the ”central-limit”
theorem. Assume that the price of the underlying asset, denoted S;, follows a
Log-normal diffusion process under the risk-neutral probability P :

dS;

Xt rdt+odW (1.1)
St

S,
For the sake of simplicity, we shall consider z; = log gt , so that:
0

o2
dr, = pdt +odW p=r—

Denote by p:s:(6z) the distribution density of x5 — x; knowing z; and by
Devot,ot(6x) that of ziy 05t — 116 knowing x4 . Then, for small 6, the distribution
of x;,96; — xy knowing x; is given by the convolution of these two densities:

D25t = Dt,6t * Di+6t,6t

or else: -

Dt,6t(U) Petstse (6 — u) du
o0

Drost(0) = /

In the models with non stochastic volatilities, the functions p,s do not de-
pend, or depend slowly on ¢, and their standard deviation is proportional to v/6t.
The central-limit theorem then justifies the use of Log-normal laws of probability
(provided the variance is finite). Moreover, if the functions p;s are continuous,
or at least piecewise continuous, and with compact support, then the convergence
occurs uniformly and in the weak sense. Let f(x) be the pay-out of an option
with maturity 7', and assume that f is continuous, then:

7L1i—>rgopt1,6t %ok py, s % f(T) = g% f(x) (1.2)

where 6t = %T, tiy1 —t; = 6t and g is a suitable Gaussian function?. The speed
of convergence is of the order of \/iﬁ . The derivatives can be obtained simply by
differentiating f .

In the binomial tree, p; s is not a function, but the sum of two Dirac distribu-
tions. The law of large numbers however ensures the convergence of the algorithm,

2If f(t, s) is the solution to the Black & Scholes P.D.E., then g is the kernel of this parabolic
equation.



provided f is piecewise continuous (see [2], pp.165-178). Hence this works for the
price and the A but not further (in fact, one can compute the I" for ”plain vanilla”
options).

The general idea of our method to compute option prices and risk analysis
relies on four observations:

1. In general, pay-off functions are piecewise constant, affine or exponential,
namely, on each interval one has:

ae®+b (Log-normal distribution)

flz) =
ar+b (Normal distribution)

2. The momenta of the Gaussian kernel g are easily computed.

3. If the p; 5 are piecewise C' (not necessarily continuous) then py, s¢*- - -*py,, s
is of class C"2 and the convergence (1.2) towards g occurs in the C*
topology, which makes possible, in order to calculate the derivatives A and
I', to derive the convolution product and g instead of f .

4. The convolution between a function of the form "ezponential + polynomial”
on an interval, and zero outside the interval, with the characteristic function
of another interval, is piecewise of the same form ”exponential + polynomi-
al”, the new polynomial having just one degree more than the previous one.

Assume now that the functions p; s are step functions. A convolution of n
of these and f is a function which is piecewise of the form ”exponential + poly-
nomial of degree n”. A lattice is then defined in the time-price space, and the
price of the option on each mesh of the underlying price lattice is given by an
interpolation based on a combination of exponential and polynomial functions.
This only requires to keep in memory a list of coefficients for each interval. A
coefficient at time ¢ is computed out of the coefficients at time ¢+ 6t . A backward
recurrence gives in the end a formal expression of the price on every interval. Two
consecutive formulas coincide at a node up to order n— 2 and one can differentiate
formally these expressions to get the derivatives A and I".

The complexity of the algorithm is in n®. Each step requires more comput-
ing time than a step of a binomial tree, but the precision after 5 to 10 steps is
equivalent to that of a binomial tree with several hundreds of steps.
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This new method may also be useful for building a graphic tool to analyse
global portfolio positions and study catastrophe scenarios. It works on barrier
options by applying the mirror lemma and Girsanov theorem. The number of
coefficients then increases by 2 at each time step.

American options will be the topic of part II of this work. The McMillan [4]
or Barone-Adesi & Whaley|3| semi-analytic approximations of Black & Scholes
PDE are used and the value of the option is given by a combination polynomials
and of exponential functions with different exponents.

In this article, we give an upper bound of the error with respect to the number
of steps and to the volatility in the case of European options. A more complete
study of the errors and of the computing times will be given in a further paper.
The theoretical error is in fact easier to compute than for the binomial tree, and
accelerating procedures could be set up, if really needed.

2. European options, convolution with step functions

In this section, we first present a simplified version of the convolution method. It
is convenient for European options with constant interest rate and volatility. Then
we give the general method for European options. These versions have essentially
a didactic purpose, because of the Black-Scholes closed formula, which gives an
exact result.

2.1. Characteristic functions of intervals

Consider a European option (call or put) with maturity 7' and strike K on an
asset whose price S; = Spe™ follows a diffusion process as above (see (1.1)) with
constant p and o. Let ¢ (z) be the price of the option at time ¢t knowing that
ry=xand r = p+ %2 the (constant) risk less interest rate. Then, if t <t < T,
one has:

=€ gy, %y

where gy_; is a Gaussian function with mean value —u(t' — t) and standard devi-
ation o+v/t' — t, that is:

1 _ (etu’ —1)?
Gri(z) = — & D (2.1)
oy/2n(t —t)



When t' — t = 6t is small, one can approximate gs; by a characteristic function of
an interval. Fix the integer n, define 6t = % and:

1
Dt = m 1[_u5t_a\/ﬁ,—u5t+0’\/ﬁ]

where 1;(z) =1 if x € I, and 1;(x) = 0 otherwise. Build a lattice in (¢, z) with:

ti=i6t i=0,....n

, K
:vzzlogs——z',uét%—jav%t, j=—J,...,J att=t;
0

Set:
@T(x) = QDT(:U) = f(:U) and (ﬁti = e—r&t QatH-l * Pst
Then:

e—rét B

@1, (z) = T (Popn (@ + 6t + 0 V36E) — By, (x + 6t — oV/351))

where &)t,- 1 is a primitive of @y, , . It is clear that, if f is of the form exponential
+ constant, then on each mesh [z, z;;1] at time ¢; , then the function ¢, is of the
form:

G, (x) = ag; €” + Qi(z)
where Q;; is a polynomial of degree n — <.

The principle of the algorithm consists in keeping in memory, at each step
and on each mesh, the number a;; and the coefficients g;;, of the polynomial @);; .
Then an induction formula in 4 is settled, which does not involve any computation
of non rational function, and only at the end, the price of the option is computed
with respect to the initial data.

Remark: In the induction formula, it is possible, if necessary, to make the interest
rate vary from one step to another. However, if the volatility varies, then the
"lattice” shape at each step t; would no longer survive, for intervals would
not any more match with their neighbors. This obstacle can be solved by
adjusting the t;’s so that the standard deviation between two consecutive
time steps be constant.



2.1.1. Theorem:

Let @o(x) be the initial price of the option when Sy = K e* and set:

Pn(2) = P1o()

when n steps are used in time. Then:

lim @, = g

n—oo

and the convergence occurs in the compact-open C* topology.
Proof. This is proved like the central limit theorem. Let p, = pr/, and:

gn:p;n:pn*"'*pn
—_

n times

One has:

Pp = e T gn* f and po=¢€"

i

Tagr«f

Let now g, , p, and gr be the respective Fourier transform of g, , p,
and gr :

f]n(s):/ gn(z) e ™%dx | etc.

The following identities are easily checked:

§n=153

Bn(s) = 1 (\%)

As p; has a compact support, the Fourier transform p; is defined
on the whole complex plane C and a Taylor expansion of logp;(s) in
0 shows that, for any s € C :

and

Jim nlog pn(s) = 5 o’T s

In the case of a put option, the pay-out function f is bounded
and its support is bounded from above, hence, for any € > 0, the
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function f(z) e*® is integrable on R.. In the case of a call option, then
f(z)e~(19)% is integrable. Thus there always exists an a such that
e*®f € L'(R) and the Fourier transform f is defined on a half-plane
{Ims < —1} for a call and {Ims > 0} for a put.

One now knows that:

o * £ (=2) = o (duls + i) f(s + i)

The same equality holds with gr and gr . For the derivatives:

—
A

(G ) (=2) = o (a(s + i) Fs + i) (is)¥)

The error on the price (k= 0) and on the derivatives is:

(G — g7) * ® () = % i °:o (6n(s + i0) — Gr(s + i) F(s + iax) (is)*ds
= % /_o:o (e"l"gﬁ"(s) - 1) F(s+ia) gr(s + i) (is)*ds

Lebesgue theorem proves that this last integral tends to 0 as n
tends to oo, for f(s+ia) is bounded and §(s+ia) s* € L!'(R) for any
a € R and any £k € N. a

Note that, thanks to the Taylor expansion of logp;, the speed of convergence
depends on the number of momenta in common between the step function pg;
and the Gaussian function gs;. As 3 of them coincide (for parity reasons), the
algorithm converges towards the exact price like % as n tends to +o0o. The deriv-

1/logn

n

atives A and I" have almost the same speed of convergence (respectively
and 1"% ). This fact will be confirmed by the theorem 3.1.

For fixed n, the error is proportional to ¢ for the price, and tends towards a
constant for the A. It is not bounded for the T'.

Practically, if o = 10% and n = 10, then the relative errors on prices, A and
I are all of the order of 10~° at the money.



2.2. Step functions

In order to generalise this algorithm to the case of barrier or American options,
one has to change of convolution functions ps; while keeping as far as possible the
simplicity of the algorithm. We shall therefore consider step functions instead of
simply bump functions. We may assume, without loss of generality, that So = K .
Let:

zj=jbx jEZ ox >0

be a regular lattice in z (so that xo corresponds to the strike) and denote by v be
the number of steps of ps; . We shall assume v > 3 and that the location of these
steps is fixed by the lattice (z;);cz :

hmax
Pst= Y, Whih (2.2)
h:hmin
with
v
Ponin = — {EJ hmax = hmin +v — 1 Th = l[mh,mh+1]

The momenta of ps; are required to fit those of the Gaussian gs; (defined by (2.1))
up to the maximal order, namely v — 1. This means:

(o o] o0
/ pgt(:v):vjdx:/ gst(z) 27 dx Vi, 0<j<v-1
—00 —00

These v linear equations define the wy’s. Notice that the determinant of this
system can be reduced to "Van der Monde” type based on the nodes of the
lattice, and thus never vanishes. The origin of the lattice in z needs not anymore
to depend on time, because the shift due to the drift x4 can now be taken into
account in the value of the wy,’s.

In order to apply the central limit theorem, it is necessary that w; > 0 for all
7 . This will imply some inequalities between the drift u, the volatility ¢ and the
sizes 6t and dx of the meshes in ¢t and z. In particular, 6= must be of the order

of o/6t.

Remark: If r is very large with respect to o, or if 6t is big, one could have
to shift the range of A in order to keep the coefficients wy non negative.
Nevertheless, in current numerical situations, such an eventuality does not
occur.



2.3. Induction formula

Now, when z belongs to a mesh [z, z;11] , we set:

n—i+1
Gu(@) =ae" + Y bijm(z—z;)"
m=0
which we may write as:
n—i+1
Pt :E) Z Qij Nj :E) e + Z Z bijm M; :E) (‘T _xj)m
j=—J j=—J m=0
One can check that:
(em_m" "7j> *Np = (em_””"“‘ - 1) Nj+h + (e‘sm — 7%t "+1> Nj+h+1
(z — zj4n)™" (82™ — (= Tjyp)™ )
(& —zj)™n;) *mn = m3—+1 Mj+h + ™t 13 Mj+h+1
Finally, we obtain the following induction formulae:
Ay = D wh (AiG-mm-1) ~ GiG-h-1)(m-1)
h
4i-1)jm = 1 > " wh (GiG—nym=1) — G(j—h—1)(m—1) m > 1 2.3
my
1 "C —i+1
di-njo = Y Wh (65””ai<j—h—1) @i(j—h) — — Z 6™ Gi(j—h—1)(m~— 1))
h m=1
The initialisation is given by the pay-off:
(nj = Qnjo =0 Jj<0
for a call
nj — K j >0
Gnjo = —K

and

for a put
aM:_K} j<0



2.4. Derivatives

Let us set, as usual:

O 0y Oy O
A=—— '=— 0=— Y=
oS 052 ot 0o
The A and the T" are approximated by:
~ a;; e % e ® Tt m—
Ay (z) = JT‘{’?mZ:linjm (z — ;)™
B e—Zm n—i _ -
Fu@) = — X magm ((m=1) (@ —2)"> = (@ —2;)"")
m=1

The approximation © of © is obtained thanks to the Black & Scholes PDE:
O=rp—rKe*A— %O’szesz
and the estimation of ¥ by finite difference:
~ 1 . -
ﬂt(x) - % (QDt(iU, o+ 60) - Sot(xa g — 60))

the value of ¢;(z,0 + 60) being computed with the same 6z, by modifying only
the coefficients wy , so that 9 also has a decomposition over the same lattice. A
very acceptable precision is obtained with 6o = ¢ /100 .

2.5. Remarks

1. Normal diffusion processes (e.g. Heath-Jarrow-Morton model on yields,
without volatility smile) are taken into account, with this method, by con-
sidering = as an affine function of S, instead of a logarithm.

2. One gets the price of a digital option, or a barrier option whose barrier is
active only at maturity (e.g. barriers on caps & floors), just by changing
the initialisation of the induction.

3. Continuous dividends (i.e. Garman-Kohlhagen model) are easily taken into
account by modifying the drift coefficient p. Discrete ones also, provided
their dates belong to the time lattice (t;))<;<, -
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4. This algorithm, well adapted, allows to compute in a very short time the
global position and risk analysis of a global portfolio, containing a whole set
of European options: the value of each option is computed at the last node
of the time lattice before its maturity, even if the latter does not belong to
the lattice, and if the strike is not on the z lattice, then one comes back to
the prescribed lattice by adjusting the wy, .

3. Control of the error

In order to find an upper bound for the error on the price and on its derivatives,
one has to consider Fourier transform of the functions involved in the algorithm.
Let us denote by 1) the Fourier transform of a generic function ¢ € L}(R) :

~ oo .
o) = [ dl@)e ™ do
—00
This is a holomorphic function on its domain in the complex plane C.
With the previous notations, the following result holds.
3.1. Theorem:
Assume the option is either a call or a put. Let p, = pr/m and:
King = Pn(—1) — gr(—1)

Then, for any k € N, there exist constants Cy, depending only on v
and k such that, for any x € R and any n > k, one has:

k4v—1
_ 1+ (logn) 2 -
69(2) — oW(a)| < K (o,w VT Ot e ) (3.1)

(the second term may be removed for a put). The mean quadratic error
has the following upper bound:

¢ [7 (6nlo) = (@)} ara) da < KCLoyT LM

where the constant C!, depends only on v, and k,, satisfies:

Kne = O (a”T%nl_%>
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This statement is consistent with the previous one when v = 4.

Remark: In the inequation (3.1) the term |k, |€” is usually much smaller than
the other one. Moreover, one can cancel this term and get a bounded error by
modifying the last moment condition on the step function ps; and requiring
that the scalar product with e” coincide with that of the Gaussian function
gs¢ - This modification barely affects the overall result.

Proof. Let H be the Heaviside function:
H = 1{120}

For a call, one has:
f=f+KH

and for a put:
ff=f+K(H-1)
We keep the notations of theorem 2.1.1. Let:

g =Dn" g=gr and h=0gn—4g

The function ¢, is fast decreasing at infinity and so are its iterated
primitives up to order v — 1 because the moments of g, and g coincide
up to that order. Let ,, be the first primitive of ¢, which vanishes at
infinity:

T

- qn (y) dy

Qu(e) = |

One has:
(f*Qn)I:f*Qn+KQn

both for a call and for a put. Therefore:

f % n(@) = K (A" = h(a)) h@) = [~ Quly) e dy

A straightforward computation gives A = 0 for a put and A = k,,, for
a call.
One can easily check that h is of class C¥, fast decreasing at 400,
and that: A . A
iL(S) _ qn(s). _ pn(s) - g(S)
s(s+1) s(s+1)
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thes 2(s) — 4(9)
; Pn(s) — g(s
ol <=
and one has: R
[B® || oo < [|8F R 1

Let p be the step function p, when n = ¢ = T = 1 and set
& = ov/T . Then:
n [(x\/n
pn(z) = Vnpi(zy/n) = % p (%)
. . S . [ 0s
Pn(s) = D1 % =p %

By assumption, p(s) and g coincide at 0 up to the order v — 1,

hence:
2
dM suchthat Vs, |s|<1, |logp(s)+ % —iréts| < M s”
and Jn
’I’L ~n A _Z~y v
sl <Y — ()~ as)| < MatE s (32

When |s| > \/Tﬁ we shall use the following majoration:
G

2.2

52(5) — 9(8)] < I52(5)] + 13(s)] = '15 (j—ﬁ)' g

Let us write:

p= wiX;
j=1

SiE

where x; is a one-step function whose support has width?® 2a =

and whose total weight is 1. Then ) w; = 1 and one has:

sin as

xi(s)] = o

30ne can prove that the positivity condition on te coefficients w; implies that a is bounded
from above and from below by a positive number.
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Therefore:

sinas
p(s)| <
(s)] < |7
It is a well known fact that:
sinz 2

lz| <m=0< <e®

We deduce from these inequalities that:

a252s2
6

i (s| <™ then |pa(s)" < e
ao

ao s

vseR als)l" < (i)

mﬁ
O
B
@]
=
7

Thus, for any z <

&252’62
+ 2 e 2 s %ds

z

Denote these four terms A;, Ay, A3, A4. We have:
Vi Zk+u—l

n2t(k+v—1)

A = 2M

k—1
A3 — 2n 2
(n _ k + 1) 7rn—k+lak—la_k—l

and one can compute:
k—3)! 0 2
¥/ e 2ds if k is even
00 2 2__2 (2 B 2>‘ g
/ e~z s 2ds =
z

9k5? (k - 3)! 5 if & is odd
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so that, in any case:
z2

®© sy 22
/ e 28" “ds < Cre 2
z

We get:

C'! 2.2 2 (04 -2 2
"f e_a 06 z A4 S _ k e_a2z
ak—1gk—1 gk—1

Ay

IA

Finally, considering a bounded from below by a positive constant
depending only on v (see footnote 3), and denoting y = 6z, we end in
the following majoration of the error, valid for any value of y € [0,+/n] :

k—1
2 2
~1_ _v _ _ay? n 2
|R®|| < C 51F (nl §yktrol e )
™

Choosing y = %1/(31/ — 6) log n leads to the required upper bound,

for:
k—1

n 2 1-x
:O<n 2)
ﬂ-n

The mean quadratic error is easily computed from this inequality,
and the majoration of k,, is an immediate consequence of (3.2). O

4. Barrier options

4.1. Definition and pricing

As we mentioned in the introduction, one of the main applications of this algo-
rithm is the computation of price and hedge of barrier options. Remember that a
barrier option is an option which appears, or dies, as soon as the underlying asset
goes through (up, or down) a certain limit. Hence, there is 8 kinds of such options:
call or put, up or down, in or out. In this section, we consider only these options,
that is European options, whose barrier is of ” American type” (this means that
the barrier is active all along the life of the contract, and not only at maturity?).
However, our algorithm allows to compute all kinds of barrier options, even with

4For options whose barrier is active only at maturity, see the remark at the end of §2.5,

remark 2.
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non constant or double barrier, ”cliquet” or "moving strike” (the strike is equal
to the maximum or to the minimum of the underlying asset on the prescribed
period of time).

When the volatility and the interest rate are constant, one obtains the price
of a barrier option using the ”mirror lemma” and Girsanov theorem.

For instance, let S; be the price of the underlying asset at time ¢ and ¢ be the
price of an up & out call option with maturity 7', strike K and barrier L > K .
Let r be the risk less interest rate, o the volatility of S; and set:

I T 1 K L
A= — = l~c—logS0 E—logs0

o2 o2 2

Assume L > Sy (otherwise ¢ = 0), then:

y)
o= /k e TN (G — K) (g, 7(T) — g,y7 (2 — x)) do (4.1)
where . , s
gaﬁ(:v) = e 27T z = log e
oV 2T So

4.2. Induction formula

In formula (4.1), one can replace the term Spe® — K by any pay-off, in particular,
by the price of the option at time 7' if this is not the maturity. Therefore, let
©i(z) be the price of the option at time ¢ when S; = Spe®. One has:

Prs5t(x) = O _g:(x) — P15 ()

with
+ T st 132026t 4y
Prsu(T) = /k_m e oz +Y) 9,ve(Y) dy
_ t-a —rbt—1X2626t4+ 0y
Prsi(T) = /k_m e Pz +y) govs (20 — 2z — y) dy

Indeed, in this new situation,

S

So

S _ log

and y = log S .

—z€lk—z,l—1x]
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One can rewrite these integrals with y = log(S:/So) :

b si— 1202 _
o s(z) = /ke rét=a Nt RAW=) 0, (y) g, v (Y — ) dy

— ¢ —rét—1iA252 —x
O si(T) = /k e BTN M=) o, (y) g, s (26 — T — y) dy

or, still shifting the Gaussian function and absorbing the exponential factor:

¢
O s(x) = e_rét/k 01(Y) 9,z (y — = — pbt) dy

(4.2)
¢
o si(z) = e ToEMEa) /k i (y) ga\/g_t(y +x—20— pét)dy
Assume now that the function ¢; is of the form:
pi(z) = Py (x)
then: ,
O s(z) = eTHRED /k i(Y) 9,5 (y — = + pbt) dy
(4.3)

¢
o) = e | () g, my+z— 20+ pét)dy
k

This remark will be of importance in the next section.

4.3. Convolution algorithm

The idea is now to replace the Gaussian functions by step functions with the same
first three moments, and whose steps respect the meshing in x and y. We then
obtain, as in §2, a sequence of functions @r_;5; which approximate @7_;s; -

However, the expression of ¢, s, is not anymore given by a simple primitive of
Py, but it is multiplied by an exponential in z . Suppose that ¢r is a combination
of a constant and e®. Then @}, is, as previously, a combination of e* and a poly-
nomial of degree 1, but @;_g, is a combination of e~(1+2)% and e=2*x polynomial
of degree 1. Thus @p_;s is decomposed into a combination of e* and a polynomial
of degree 7 on the one hand, and, on the other hand, the same kind of combination
with e~® instead of €%, multiplied by e=2*2.
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We shall now assume that ¢ (z) has the following split shape when z €
[xj’xj+l] :

n—i n—i
() = aige” M+ Y Gigm (z—15)" +NED (b"jemj P Pigm (T — x)m>
m=0 m=0
(4.4)
In the induction formulae (4.2) and (4.3), we shall therefore replace the exact
Gaussian function g, /5 by a v-steps function ps; with the same first v —1 moments
(see §2.2) and, as we shall see, get an induction on the coefficients a;;, b;j, Gijm
and p;;m . For this purpose, and keeping the notations of §2.2, one has to compute
the integrals:

¥
= /k V=% ;(y) My — z) dy
+- ¢ —T;
= /k eV " n;(y) m(y +x —2£) dy

¥
= /k e" Y (y) m(y — ) dy

¥
= /k " Y n;(y) mu(y + = — 20) dy

and also: ,
It = /k (y—z5)" n;(y) mw(y — =) dy

g2
= [ =)™ i) mly + 2 —20) dy

. /:(:vm —y)"n;(y) m(y — z) dy

£
T = [ @i =)™ i) maly + 2 —20)dy
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One easily checks that all these integrals can be expressed in terms of:

e for I™* and =~
evi+1™? for I~ and I~*
(z — zj)™H! for J** and J
(zjiy1 — )™ for Jt*~ and J—*

for suitable values of j', and of constant terms. Like in the case of standard
European options, the shift 46t (in both directions) is taken into account through
the coefficients wy,, because the step function ps; is required to have the same
moments as the shifted Gaussian function g, /z(z £ pot).

4.4. Non constant interest rate and volatility

We now assume that the volatility and the interest rate vary from one time step
to another. Let o; and r; be those of the mesh [t;,¢;,1] , and A; and u; be the
corresponding value of A and p . The structure of (4.4) is no more preserved: the
integrals I~ and J,,* keep the former )\; , while /"~ and J~ get the new \;_; . As
well, the integrals I** and J}* keep the same shape, but I~ and J,,~ get a factor
e2Ai=2i-1)((=2) | One gets, in the end, a decomposition of @;(z), = € [z;,Tj41] ,
which also splits into two parts, a ”direct” one and a ”mirror” one:

Gi(z) =Y ain e %) + Qy(z) + P (Z biji €”°7%) 4 Pyj(z) )
k k

where ) is a mean value of the \;’s and the exponents aj, and G are linked to the
differences \;_; — ;.

An important issue, in terms of complexity, is the number of such exponents.
At each step, the set formed by them is enriched with respect to A; — A. One sees
that if A\; = A;_1, then this set is stable, and the number of coefficients increases
by its cardinal (the degree of ();; and P;; increases by 1). In the contrary, the set
is doubled, but the degree of the polynomials remains unchanged. The number
of meshes in z being v (n — i+ 1) , the maximum number of coefficients at time
tiisv(n — i+ 1) 277" This could seem frightening, but we shall see in the next
section that 5 steps are enough to get the precision of a 300 steps binomial tree.
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Moreover, one can reasonably expect that the \;’s take at most 3 or 4 different
values, so that the total number of coefficients remains under 1000 .

For even more efficiency, one can approximate the exponential functions e***
and €’+® by ”splines”, that is polynomials with the same degree as @;; and P
which have a maximal order contact at the nodes of the lattice. In this case, the
structure of the decomposition (4.4) is preserved and the error keeps the same
order of magnitude.

4.5. Performances achieved

The computing time is theoretically linked to the number of coefficients to com-
pute. Even in the case of varying A, it should not exceed that of a 50 steps
binomial tree after 5 steps with v = 6, for the binomial tree must compute
50 x 51/2 = 1275 coeflicients, which is more than a 5 steps convolution method.

As we said, when v = 6, the precision after 5 steps is 0,5% on prices, A and
. It reaches 0,1% after 7 steps and a little better after 10 steps.

For European options, we get the same precisions with v = 4. When v = 6,
the precision is about 10 times better than for the barrier options with the same
number of steps.
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