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Abstract. For a Brownian motion B = (Bt)t�1 with B0 = 0, EBt = 0, EB2
t = t problems of

probability distributions and their characteristics are considered for the variables

D = sup
0�t�t′�1

(Bt −Bt′ ), D1 = Bσ − inf
σ�t′�1

Bt′ ,

D2 = sup
0�t�σ′

Bt −Bσ′ ,

where σ and σ′ are times (non-Markov) of the absolute maximum and absolute minimum of the
Brownian motion on [0, 1] (i.e., Bσ = sup0�t�1 Bt, Bσ′ = inf0�t′�1 Bt′ ).
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1. Introduction. Statement of the results.

1. A standard Brownian motion B = (Bt)0�t�1 (with B0 = 0, EBt = 0, EB2
t =

t) is considered on a probability space (Ω,F ,P).
Our main interest is to study the probability properties of the values

D = sup
0�t�t′�1

(Bt −Bt′),(1)

D1 = Bσ − inf
σ�t′�1

Bt′ ,(2)

D2 = sup
0�t�σ′

Bt −Bσ′ ,(3)

where σ and σ′ are defined (P-a.s. uniquely) by the relations

Bσ = sup
0�t�1

Bt,(4)

Bσ′ = inf
0�t′�1

Bt′ .(5)

From the given definitions it is clear that the value D characterizes the maximal
possible “downfall” in trajectories of the Brownian motion on the time interval [0, 1].

The value D1 shows how the trajectory of the Brownian motion can “downfall”
from absolute (on [0, 1]) maximum Bσ to (partial) minimum infσ�t′�1Bt′ . Respec-

tively, D2 characterizes the “downfall” from (partial) maximum sup0�t�σ′ Bt to ab-

solute (on [0, 1]) minimum Bσ′ .
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It is useful to note that σ and σ′ are non-Markov.
2. It is clear that

D =


sup

0�t�1

(
Bt − inf

t�t′�1
Bt′
)

� D1,

sup
0�t′�1

(
sup

0�t�t′
Bt −Bt′

)
� D2.

So

max(D1, D2) � D.(6)

If we denote by

R = sup
0�t�1

Bt − inf
0�t�1

Bt(7)

the “range” of the Brownian motion, then we find that

R = sup
0�t,t′�1

(Bt −Bt′)

and

max (D1,D2) � D � R.(8)

It is well known that the consideration of the statistic R is useful in a posteriori
analysis of the behavior of the trajectories of the process B on the time interval
[0, 1]. At the same time, the statistics D,D1,D2 give more information on the current
behavior of the trajectories which is especially important when the observations need
to be ranked by time.

3. Passing to the statement of the results concerning the probability distributions
and their characteristics for statistics D,D1, and D2, first of all we note that D1 and
D2 coincide in distribution:

D1
law
= D2.(9)

(It easily follows from the fact that the process B̂ = (B̂t)0�t�1 with B̂t = B1 −B1−t

is also a Brownian motion.)
Theorem 1. For the standard Brownian motion

D
law
= sup

0�t�1

|Bt|.(10)

The mathematical expectation

ED =

√
π

2
(= 1.2533 . . .)(11)

and the distribution function FD(x) = P{D � x} is given by the relation

FD(x) = 1− 1√
2π

∞∑
k=−∞

∫ x

−x

[
e−(y+4kx)2/2 − e−(y+2x+4kx)2/2

]
dy.(12)
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Fig. 1. The function fD1
(x) =

√
8/π
∑∞

k=1
(−1)k−1ke−k2x2/2, x > 0.

Theorem 2. For the standard Brownian motion

D1
law
= sup

g�t�1

|Bt|,(13)

where

g = sup{t � 1: Bt = 0}(14)

is the time of the last zero of the process B = (Bt)0�t�1.
The expectation

ED1 =

√
8

π
log 2 (= 1.1061 . . .)(15)

and the distribution function FD1
(x) = P{D1 � x} has a density (Figure 1)

fD1(x) =

√
8

π

∞∑
k=1

(−1)k−1ke−k2x2/2, x > 0.(16)

4. Series (16) is very similar to the series which describes the distribution prob-
ability FK(x) in the goodness-of-fit Kolmogorov test and the probability distribution
FR(x) of the statistic of the “range” R.

Namely, the distribution function

FK(x) = P
{

sup
0�t�1

∣∣b(t)∣∣ � x},(17)
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Fig. 2. The function fR(x) = 8/
√
2π
∑∞

k=1
(−1)k−1k2e−k2x2/2, x > 0.

where b = (b(t))0�t�1 is a Brownian bridge ((b(t); t � 1)
law
= (Bt − tB1; t � 1)), is

given (see [7], [5], and [4]) by the formula

FK(x) = 1− 2

∞∑
k=1

(−1)k−1e−2k2x2

, x > 0,(18)

or, equivalently, by

FK(x) =

√
2π

x

∞∑
k=1

e−(2k−1)2π2/x2

, x > 0.

It is also known (see, for example, [6]), that the probability distribution FR(x) =
P{R � x} has the density (Figure 2)

fR(x) =
8√
2π

∞∑
k=1

(−1)k−1k2e−k2x2/2, x > 0.(19)

From (18) and (19) it follows that the density fK(x) = F
′
K
(x) is defined by (Fig-

ure 3)

fK(x) = 8x

∞∑
k=1

(−1)k−1k2e−2k2x2

, x > 0,

and, in addition,

fR(x) =

√
2

π

1

x
fK

(
x

2

)
.
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Fig. 3. The function fK(x) = 8
∑∞

k=1
(−1)k−1k2xe−2k2x2

, x > 0.

From here we specifically conclude that

ER =

√
8

π
(= 1.5957 . . .)

(cf. (8), (11), (15)).

2. Proof of Theorem 1.
1. If it is stated that D

law
= sup0�t�1 |Bt| (property (10)), then (12) follows

from the known results concerning the distribution P{sup0�t�1 |Bt| � x}. (See, for

example, [1, p. 250, 1.1.4].)
The proof of the needed property (10) is very simple. Let

Mt = sup
0�u�t

Bu

and let Lt be a local time of the Brownian motion B on [0, t]:

Lt = lim
ε ↓ 0

1

2ε

∫ t

0

I
(|Bs| � ε

)
ds.

By one of the fundamental properties of a Brownian motion,

(Mt −Bt, Mt; t � 1)
law
=
(|Bt|, Lt; t � 1

)
(20)

(“Lévy theorem” [9, p. 230]).
So

D = sup
0�t�t′�1

(Bt −Bt′) = sup
0�t′�1

(
sup

0�t�t′
Bt −Bt′

)
= sup

0�t′�1

(Mt′ −Bt′
)

law
= sup

0�t�1

|Bt|.
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2. The relation ED =
√
π/2 is widely known and may be obtained from (12).

To complete the presentation we give two derivations which are not directly con-
nected with (12) for the distribution FD(x) = P{D � x}.

Let β = (βt)t�0 be a Brownian motion, S1 = inf{t � 0: |βt| = 1}. If we use the
following self-similarity property: for a > 0,

(βat; t � 0)
law
= (a1/2βt; t � 0),

then we obtain that, for x > 0,

P
{

sup
0�t�1

|βt| � x
}
= P

{
sup

0�t�1

|βt/x2 | � 1
}
= P

{
sup

0�t�1/x2

|βt| � 1
}

= P

{
S1 � 1

x2

}
= P

{
1√
S1

� x
}
.

In other words,

sup
0�t�1

|βt| law
=

1√
S1

.

From properties of the normal distribution it follows that for σ > 0√
2

π

∫ ∞

0

e−x2/(2σ2)dx = σ.

So

ED = E sup
0�t�1

|βt| = E
1√
S1

=

√
2

π

∫ ∞

0

E e−x2S1/2dx.

It is known that for S1 (see, for example, [9, p. 68] and [10, p. 303]) the Laplace
transform

E e−λS1 =
1

cosh
√
2λ
.

Thus

ED =

√
2

π

∫ ∞

0

dx

coshx
= 2

√
2

π

∫ ∞

0

exdx

e2x + 1
= 2

√
2

π

∫ ∞

1

dy

1 + y2

= 2

√
2

π
arctanx

∣∣∞
1

= 2

√
2

π

π

4
=

√
π

2
.

The second derivation of the relation ED =
√
π/2 is based on the property

sup
0�t�1

|Bt| law
=

1

2

∫ 1

0

ds

R
(2)
s

(21)

(see [9, p. 250]), where (R
(2)
s )s�1 is the Bessel process of order 2, for which

R(2)
s = β̂s +

1

2

∫ s

0

du

R
(2)
u

,(22)



CHARACTERISTICS OF “DOWNFALLS” IN STANDARD BROWNIAN MOTION 35

where β̂ = (β̂s)s�1 is some Brownian motion.

From (21) and (22), we immediately see that

ED = E sup
0�t�1

|βt| = ER
(2)
1 = E

√
ξ21 + ξ22 ,

where ξ1 and ξ2 are independent standard Gaussian variables with parameters 0 and 1.
Since E

√
ξ21 + ξ22 =

√
π/2, we arrive at the needed relation ED =

√
π/2 again.

3. Proof of Theorem 2.
1. From the Lévy theorem (20) it follows that

(Mt −Bt, Mt, Bt; t � 1)
law
=
(|Bt|, Lt, Lt − |Bt|; t � 1).

From here we can conclude that

(Mt −Bt, Mt, Bt; σ � t � 1)
law
=
(|Bt|, Lt, Lt − |Bt|; g � t � 1).

So (
Bσ, sup

σ�t�1

(Mt −Bt −Mt)
)

law
=
(
Lg − |Bg|, sup

g�t�1

(|Bt| − Lt

))
,

=
(
Lg, sup

g�t�1

|Bt| − Lg

)
,

since Bg = 0 and Lt = Lg for g � t � 1 by (14).
Thus

D1 = Bσ − inf
σ�t�1

Bt = Bσ + sup
σ�t�1

(−Bt) = Bσ + sup
σ�t�1

(Mt −Bt −Mt)

law
= Lg + sup

g�t�1

|Bt| − Lg = sup
g�t�1

|Bt|,

which proves statement (13).
2. Let us prove relation (16). Let m = (mu)0�u�1 be a standard Brownian

meander [9, p. 468], [11; 12.3.2], [2]:

mu ≡ 1√
1− g |Bg+u(1−g)|.

In view of (13), we obtain that

D1
law
=
√
1− g sup

0�u�1

mu.(23)

To find the distribution of
√
1− g sup0�u�1mu, we note first of all that g

law
= 1−g;

moreover, (by “the first arcsine law” [9, p. 106]) the density

fg(x) =
1

π
√
x(1− x) , 0 < x < 1.(24)

It is also known that g and sup0�u�1mu are independent (see [9, p. 468]).
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Furthermore, if ε ∼ exp( 1
2 ), i.e., ε is an exponentially distributed random variable

with parameter 1
2 and does not depend on the Brownian motion B, then one can

immediately verify that

εg
law
= N2,

where N ∼ N (0, 1), i.e., N has a standard Gaussian distribution with parameters 0
and 1.

Furthermore, it is known (see [9, p. 484] and [2, pp. 3, 6]), that

P
{
|N | sup

0�u�1

mu � x
}
= th

x

2
.(25)

Thus,

P{√εD1 � x} = P
{√
εg sup

0�u�1

mu � x
}
= th

x

2
.(26)

Set

η =
1

D1
, fη(y) =

d

dy
P{η � y}.

Since ε and η are independent

P{ε � x2η | η = y} = P{ε � x2y} = 1− e−x2y/2.

Therefore, by (26),

1−
∫ ∞

0

e−x2y/2fη(y) dy = th
x

2
,

or, equivalently,∫ ∞

0

e−x2y/2fη(y) dy = 1− th
x

2
=

2e−x

1 + e−x
= 2

∞∑
k=0

(−1)ke−(k+1) x.(27)

Let Ta = inf{t � 0: βt = a}, where β = (βt)t�0 is a Brownian motion. It is

known (see, for example, [9, p. 68], [10, pp. 302, 303]) that the probability distribution
FTa

(t) = P{Ta � t}, a > 0, has the density

fTa(t) =
a√
2πt3

e−a2/(2t), t > 0,

and the Laplace transform E e−λTa = e−a
√

2λ, λ > 0. Therefore, choosing λ = x2/2,
we find that, for x � 0,

e−ax =

∫ ∞

0

a√
2πt3

e−a2/(2t)e−x2t/2dt.

From here and (27),∫ ∞

0

e−x2y/2fη(y) dy = 2

∞∑
k=0

(−1)ke−(k+1)x

= 2

∫ ∞

0

e−x2y/2
∞∑
k=0

(−1)k
k + 1√
2πy3

e−(k+1)2/(2y)dy,
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and since x > 0 is arbitrary, we find a unique solution

fη(y) = 2

∞∑
k=0

(−1)k
k + 1√
2πy3

e−(k+1)2/(2y), y > 0.

At last, for x > 0

FD1
(x) = P{D1 � x} = P

{
η � 1

x2

}
= 1−P

{
η <

1

x2

}
and so

fD1(x) =
2

x3
fη

(
1

x2

)
=

4√
2π

∞∑
k=0

(−1)k(k + 1) e−(k+1)2x2/2

=

√
8

π

∞∑
k=1

(−1)k−1k e−k2x2/2,

which proves relation (16).
3. The relation ED1 =

√
8/π log 2 can be obtained from (16):

ED1 =

∫ ∞

0

xfD1
(x) dx =

√
8

π

∫ ∞

0

( ∞∑
k=1

(−1)k−1kx e−k2x2/2

)
dx

=

√
8

π

∞∑
k=1

(−1)k−1

∫ ∞

0

kx e−k2x2/2dx =

√
8

π

∞∑
k=1

(−1)k−1 1

k
=

√
8

π
log 2.

(In this case it is necessary to justify the possibility of changing the order of integration
and summation. A similar change is easy if one operates with ED1I(a < D1 < A),
where 0 < a < A <∞, instead of ED1. Then one should use the fact that ED1I(a <
D1 < A) ↑ED1 for a ↓ 0, A ↑∞.)

We can also obtain the relation ED1 =
√
8/π log 2 from the following consider-

ation.
From (23)

ED1 = E
√
1− gSm = E

√
1− gESm,(28)

where Sm = sup0�u�1mu and the second equality follows from the independence
property of the values g and Sm already noted above.

By (24)

E
√
1− g = 1

π

∫ 1

0

dx√
x
=

2

π
.

In order to find the expectation ESm in (28), we use the relation (see (25))
P{|N |Sm � x} = th (x/2). Then we find that

E |N |Sm =

∫ ∞

0

(
1− th

x

2

)
dx =

∫ ∞

0

e−x/2dx

ch (x/2)
= 4

∫ 1

0

y dy

1 + y2
= 2 log 2.

Since N and Sm are independent

E |N |Sm = E |N |ESm =

√
2

π
ESm.
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So

ESm =

√
π

2
E |N |Sm =

√
π

2
2 log 2 =

√
2π log 2,

and, therefore,

ED1 = E
√
1− gESm =

2

π

√
2π log 2 =

√
8

π
log 2.
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