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ON PROBABILITY CHARACTERISTICS OF “DOWNFALLS” IN A
STANDARD BROWNIAN MOTION*
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Abstract. For a Brownian motion B = (Bt),<; with Bg = 0, EB; = 0, EB2 = ¢ problems of
probability distributions and their characteristics are considered for the variables
D= sup (B:— By), D; = B, — inf By,
0<t<t <1 oSt/S1
Dy = sup Bt — B,
0st<o’

where o and ¢’ are times (non-Markov) of the absolute maximum and absolute minimum of the
Brownian motion on [0, 1] (i.e., Bo = supy<;<; Bt, By’ = infy<1<q Byr).
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1. Introduction. Statement of the results.

1. A standard Brownian motion B = (By)y<,<; (with By = 0, EB; = 0, EB} =
t) is considered on a probability space (2, F,P).
Our main interest is to study the probability properties of the values

(1) D = sup (B:— By),
0st<t<1

(2) Dl = Ba — Ugl?/fgl Bt/,

(3) Dy = sup By — B,
0<t<o’

where o and ¢’ are defined (P-a.s. uniquely) by the relations

(4) B, = sup B,
0<t<1

(5) B,,/: inf Bt/.
0<t'<1

From the given definitions it is clear that the value D characterizes the mazimal
possible “downfall” in trajectories of the Brownian motion on the time interval [0, 1].

The value D1 shows how the trajectory of the Brownian motion can “downfall”
from absolute (on [0,1]) mazimum B, to (partial) minimum inf_ <, <; By. Respec-
tively, Dy characterizes the “downfall” from (partial) mazimum supy<;<, B¢ to ab-
solute (on [0, 1]) minimum By .
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It is useful to note that o and o’ are non-Markow.
2. It is clear that

sup (Bt -, inf Bt/> > Dy,

p—J 0st=t St'<1
sup ( sup B; —Bt/) > Ds.
0St'S1 NOStst
So
(6) max(Dq, Dy) < D.
If we denote by

(7) R= sup B; — inf B;

0<t<1 0=ts1

the “range” of the Brownian motion, then we find that

R= sup (B;— By)
05t t'S1

and
(8) max (]D)l,]D)Q) § D é R.

It is well known that the consideration of the statistic R is useful in a posteriori
analysis of the behavior of the trajectories of the process B on the time interval
[0,1]. At the same time, the statistics D, Dy, Dq give more information on the current
behavior of the trajectories which is especially important when the observations need
to be ranked by time.

3. Passing to the statement of the results concerning the probability distributions
and their characteristics for statistics D, D, and Do, first of all we note that ID; and
D5 coincide in distribution:

(9) D, 2 D,.

(It easily follows from the fact that the process B= (Et)0§t§1 with Et = B1 — Bi_;
is also a Brownian motion.)
THEOREM 1. For the standard Brownian motion

(10) D' sup |By.
0<t<1

The mathematical expectation

(11) ED = \/z (=1.2533..))

and the distribution function Fp(x) = P{D < x} is given by the relation

1 - * — xr 2 — xT T 2
(12) Fo(a) = 1= —= 3 /_ [~ ake)/2 _ o~(u2etaka)®/2] gy,

k=—o0
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F1G. 1. The function fp,(x) = /8/m Z:‘;l(fl)k’lke’kzmz/z, x> 0.

THEOREM 2. For the standard Brownian motion

(13) D, 2 sup By,
gSt=1

where

(14) g =sup{t < 1: B =0}

is the time of the last zero of the process B = (By)o<;<; -
The expectation

8
(15) ED, = \/> log2 (=1.1061...)
7r
and the distribution function Fp,(z) = P{Dy < x} has a density (Figure 1)
8 <« k—1y. —k%2%/2
(16) fo. (@) =1/~ > (1) ke , x> 0.
k=1

4. Series (16) is very similar to the series which describes the distribution prob-
ability Fk(z) in the goodness-of-fit Kolmogorov test and the probability distribution
Fr(x) of the statistic of the “range” R.

Namely, the distribution function

(17) Fe(w) = P{ sw [b(t)| £z},

0<t<1
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FiG. 2. The function fR(x)—S/\/27er 1 Ye—1k2e —k%z 2/2 x> 0.

where b = (b(t))p<;<; is a Brownian bridge ((b(t); ¢t = 1) Y (B, —tBy; t £ 1)), is
given (see [7], [5], and [4]) by the formula

oo

(18) _1—22 “lem2k 50,
or, equivalently, by

oo

2 2
Ze (2k—1) /z x> 0.
k=1

It is also known (see, for example, [6]), that the probability distribution Fg(x) =
P{R < z} has the density (Figure 2)
8 <« k=172 —k%z2%/2
19 2) = —— ST ()R 2R s,
(19 fole) = /5= >

From (18) and (19) it follows that the density fk(z) = Fg(x) is defined by (Fig-
ure 3)

(oo}
r) =8z Z(—l)k_lk%_%%z, x>0,

and, in addition,
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Fi1G. 3. The function fx(z) = 82:021(71)’“’116216’2’“2“”2, x> 0.

From here we specifically conclude that

ER = \/E (=1.5957...)
(cf. (8), (11), (15)).

2. Proof of Theorem 1. 1
1. If it is stated that D = supg<;<1 |Bt| (property (10)), then (12) follows
from the known results concerning the distribution P{supy<;<; |Bi| = z}. (See, for

example, [1, p. 250, 1.1.4].)
The proof of the needed property (10) is very simple. Let

M; = sup B,

0Sust

and let L, be a local time of the Brownian motion B on [0, ¢]:
1 t
L= Ef%fe/o I(|Bs| <€) ds.

By one of the fundamental properties of a Brownian motion,

(20) (M; — By, My; t £1) 2 (|By|, Ly; t 1)
(“Lévy theorem” [9, p. 230]).
So
D= sup (B;— By)= sup ( sup By —By)
0StsSt'<1 0St/<1 NOosStst
= sup (My *Bt/) la:w sup |By|.
0<t'<1 0=t<1
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2. The relation ED = /7/2 is widely known and may be obtained from (12).

To complete the presentation we give two derivations which are not directly con-
nected with (12) for the distribution Fp(z) = P{D £ z}.

Let 8 = (8¢);>0 be a Brownian motion, Sy = inf{¢t = 0: |5;] = 1}. If we use the
following self-similarity property: for a > 0,

(Bat; t 2 0)'2 (a'/?,; t 2 0),

then we obtain that, for z > 0,

P{ sup (B <2} =P{ swp |g2[ <1} =P{ sup |81}
0<St<1 0<St<1 0St<1/x22

— =

In other words,

From properties of the normal distribution it follows that for o > 0

2 oo
7/ e gy = 0.
0

™

So

ED=E sup |G| =

1 2 [ 2
E = ,/f/ Ee " 51/2dg,
0<t<1 VSt ™ Jo

It is known that for S; (see, for example, [9, p. 68] and [10, p. 303]) the Laplace
transform

1
cosh v2\~

ED \/’/OO dx / / e dx g/“ dy
coshz e+l Vaf, T+¢2
/2 [2 7 [T
= 24/ — arct =20/——=4/=.
—arctanz ‘1 ~1 5
The second derivation of the relation ED = /7/2 is based on the property

1

law 1 ds
21 sup |By| = 7/ —
2D o§t1§)1‘ l 2 Jo R§2>

Ee 1 =

Thus

(see [9, p. 250]), where (Rg))sgl is the Bessel process of order 2, for which

~ 1 (% du
22 @ 3, 4+ /
( ) Rs ﬁ + 2 0 Rq(f)’
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where 3 = (BS)S§1 is some Brownian motion.
From (21) and (22), we immediately see that

ED=E sup |3 = ER?) = Em7

0<t<1

where £; and &, are independent standard Gaussian variables with parameters 0 and 1.
Since Ev/€2 + €2 = /7/2, we arrive at the needed relation ED = /7 /2 again.

3. Proof of Theorem 2.
1. From the Lévy theorem (20) it follows that

law
(My — By, My, By; t 1) = (|By|, Ly, Ly — |By; t < 1).
From here we can conclude that

(My — By, My, By; 0 St < 1) faw (IBel, Lt, Ly — |Bi]; g St 1),

So
law
(Bc,, sup (Mththt)) a (Lgf|Bg|, sup (|Bt|th)>,
o<t<1 gSts1
= (Lo swp Bl - L,),

g<ts1

since B, =0 and Ly = Ly for g £ ¢t < 1 by (14).
Thus
Dl = Bo’ — inf Bt = B(T + sup (_Bt) = Ba' + sup (Mt — Bt — Mt)
oSt<1 o<t<1 o<t<1
law

= Lg+ sup [B| —Lg= sup |By,
g<t<1 gSt=1

which proves statement (13).
2. Let us prove relation (16). Let m = (my)o<,<; be a standard Brownian
meander [9, p. 468], [11; 12.3.2], [2]:

My =

1
7W|Bg+u(l—g) |

In view of (13), we obtain that

(23) D, 2 /1 —g sup my.

To find the distribution of /1 — gsupy<, <1 7M., We note first of all that g law g —g;
moreover, (by “the first arcsine law” [9, p. 106]) the density

(24) fg(z)wx(ll—a:)’ 0<z<l.

It is also known that g and supy<,<; M, are independent (see [9, p. 468]).
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Furthermore, if ¢ ~ exp(%), i.e., € is an exponentially distributed random variable

with parameter % and does not depend on the Brownian motion B, then one can

immediately verify that
g2 N2,

where N ~ N(0,1), i.e., N has a standard Gaussian distribution with parameters 0
and 1.
Furthermore, it is known (see [9, p. 484] and [2, pp. 3, 6]), that

T
25 PJ|N| sup my Sz =th—.
(25) “‘@él <af=th3
Thus,
(26) P{yeD; §x}:P{\/€g sup muiz} —th.
0Sus1 2
Set
1

- h@r:%ngy}

= Do
Since € and 7 are independent

Ple<a®n|n=y}=Ple<a?y}=1-e V2
Therefore, by (26),

or, equivalently,

> 2 T 2" >

27 —zy/2 dy=1—thZ = -9 -1 k 7(k+1):r.

I eI

Let T, = inf{t =2 0: B; = a}, where 3 = (B);>¢ is a Brownian motion. It is

known (see, for example, [9, p. 68], [10, pp. 302, 303]) that the probability distribution
Fr, (t) = P{T, £ t}, a > 0, has the density

__a —a?/(2t)
fTa(t) = 7@ e s t > O,

and the Laplace transform Ee~*e = e_“‘/ﬁ, A > 0. Therefore, choosing A\ = 22/2,
we find that, for z = 0,
—azr __ > a —a?/(2t) 7:v2t/2d
e = e e t.
| 7o
From here and (27),
| ey =23 (-ajte e

0

k=0
o0 2 > kE+1 2
o [ 2N (L) e~ (k1) (20) gy
A > y
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and since x > 0 is arbitrary, we find a unique solution

o0
1
foly) = 22(_1)ki I N

P \/2my?

At last, for z > 0

Fo.(z) = P{D; <z} :P{ng ;2} _ 1—P{n< }

2

and so

Jo (@) = % I (52} - ¢% SRk 1) e D /2
k=0

\/gi(_l)k—lk 6—k2m2/2
T )
k=1

which proves relation (16).
3. The relation ED; = 1/8/7 log 2 can be obtained from (16):

ED, :/ zfp,(x)dr = \/gf z:(—l)kfllme*k%ﬂ/2 dz
0 T™Jo 1
8 ¢ k—l/oo —k%z?/2 \/§ .- k-1l \/§
=4/— -1 kre "%/ %dr =) — -1 — =4/— log2.
Ve Dy =y s

(In this case it is necessary to justify the possibility of changing the order of integration
and summation. A similar change is easy if one operates with ED;I(a < Dy < A),
where 0 < a < A < oo, instead of ED);. Then one should use the fact that ED;1(a <
Dy < A)TED; fora |0, AToo.)

We can also obtain the relation ED; = 1/8/7 log 2 from the following consider-
ation.

From (23)

(28) ED;=E+\/1-gS,=E+1—-gES,,

where S, = supg<,<; m. and the second equality follows from the independence
property of the values g and 5, already noted above.
By (24)

1 (tdx 2
Ey1—-g=— —_— =
g 7r/0 Vroow

In order to find the expectation E .S, in (28), we use the relation (see (25))
P{|N|S,, £z} =th(xz/2). Then we find that

e x ® e=o/2dy b oydy
E|N|S,, = 1—th—-|dz= =4 = 2log2.
s = [ (13 )ar= [ = [ g =

Since N and S, are independent

E|N|S,, =E|N|ES,, = \/gESm.
i
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ES, = \/ZEWSm— \/Z2log2—\/ﬂlog2,

2 /
ED;=E\/1-gES,,=—+Vv2rlog2= §log2.
T T
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