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Abstract

Let L be a parabolic second order differential operator on the do-
main IT = [0, 7] x R. Given a function # : R — R and # > 0 such that
the support of i is contained in (—oo, —%], we let 3 : Il — R be the
solution to the equation:

Ly =0, ylioyxr =1

Given positive bounds 0 < zg < 1, we seek a function u with support
in [xg,z1] such that the corresponding solution y satisfies:

y(tv O) = f&(t, O) vt € [07 T]

We prove in this article that, under some regularity conditions on
the coefficients of I, continuous solutions are unique and dense in the
sense that Q][O’T]X {0} can be CO_approximated, but an exact solition
doesn’t exist in general.

This result solves the problem of almost replicating a barrier op-
tion in the generalised Black-Scholes framework with a combination
of European options, as stated by Carr, Ellis and Gupta in [6, 1996].
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1 Introduction

1.1 The Inverse Problem

Let L be a parabolic second order differential operator defined on the domain

T=[0,7T]xR:
Ly = 0wy(t,x) — as(l,x) Opy(t, ) + a1 (1, 2) Dy (L, x) + ao(t,z) y(t,z) (1.1)

Given a function u : R — R with mild growth: u(z) = O(|z|™), there is a
unique solution ¥ : IT — R to the equation:

Ly =0, yl{O}xR =Uu

Suppose now that we are given a function % : R — R and Z > 0 such that
the support of 4 is contained in (—oo, —#] and let 4 : IT — R be the solution
to the equation:

Lﬂ =0, @l{O}XR =u
Given positive bounds 0 < zy < xy, we seek a function u with support in
[0, z1] such that the corresponding solution ¥ satisfies:

y(t,0) =9(t,0) Vit e [0,7]

This is an ill-posed linear problem. We prove in sect.3 of this article that,
under some regularity conditions on the coefficients a,(t, x), if a solution exists
in the space of continuous functions with polynomial growth at infinity, it is
unique in this space. Then we show in sect.4 a density theorem, namely, for
any £ > 0, there is a continuous function u with support in [xg, z1] such that:
Joax [y(t,0) — (1, 0)| < e
The regularity conditions on coefficients are precisely stated in sect.2. To
summarise, we require uniform parabolicity on the domain II, Holder conti-
nuity of a; and its derivatives up to order i (C? for ay), analyticity in z for
small ¢t and x > x1, and stabilisation from the right hand side for a; and as
(their derivatives should decrease with a power rate when z tends to +00).
A first version of this paper was available in 1998 as a preprint, see [3].
Some extensions of the results are due to Shorygin [24], who obtains explicit
bounds for ||| ,» with respect to [|y(.,0) — y(.,0)] = -
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1.2 Financial Origin of the Question
1.2.1 Barrier Options in the Generalised Black-Scholes Model

This problem finds its origin in the hedging of a certain type of options —
namely ”barrier options” — in financial markets. A barrier option on an
asset S (a stock, an index, a currency, a commodity, etc.) with ”pay-off”
#(S), maturity M — a date posterior to the current date g — and "up-and-
out barrier” H delivers an amount ¢(Sys) of numeraire at maturity, if Sy, is
the price of the underlying asset at this date, provided for any ¢ € [to, M|,
the asset price S; did not cross the barrier, i.e.:

S,<H  Vte[tg, M]

Similarly, there exist ”down-and-out”, "up-and-in” and ”down-and-in” bar-
rier options, as well as ”"double barrier” options. An option without barriers
and no exercise possibility prior to the maturity date is called ” European”.
The ”pay-off function” ¢(S) is typically a piecewise linear function:

#(S) = max(S— K,0) ”Call with strike K7

#(S) = max(K —S5,0) "Put with strike K7

In a generalised Black-Scholes setting the underlying price process S;, which
is assumed to be Markov, is a positive Ito process:

ds,

t

See [4] and [21] for the original model with constant coefficients. The gener-
alised framework, with coefficients depending on the time and on the under-
lying, is described in [12] and [8].

Under the assumption of ”absence of arbitrage opportunity” (AAO), the
option is exactly replicable with a dynamic hedging strategy and its price
P(t,S) satisfies the following parabolic equation, called Black-Scholes equa-
tion:

P OP

o1, S8 F + (r(t) = q(1) S 5 —r(t) P =0 (1.2)

8P+1
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In this equation, r stands for the interest rate in the domestic currency, and
q is the dividend rate if the underlying is a stock or a stock index, the foreign
interest rate if it is a currency or the ”convenience yield” in the case of a
commodity. It is widely admitted in financial models that they only depend
on time t — even if they are, sometimes, themselves stochastic processes
— although our mathematical framework could allow them to be a function
of both t and S. Nevertheless, it is important that the volatility parameter
o(t,S) be a function of both variables in order to be consistent with the
market price of standard options (i.e. without barriers): this is the so-called
"smile” effect.
Dirichlet-type boundary conditions for barrier options (which are obvious
to translate in (M — t, ) variables) are given on the rectangle I = [to, M] x
[0, H] by:
P(t,S)i—m =¢(S) 0<S<H
(1.3)
P(t,S)lS:H: 0 toStSM

and

P(t, S)]s—o = exp <— /t Mr(z) dz> #0)  to<t<M

which is a consequence of the operator degeneracy on the axis {S = 0}.

S
We get the shape (1.1) by setting z = logﬁ and reverting the time
t— M—t, T = M —ty,. With these changes of variables, one has:

1
as(t,r) = 50(1\4—15,[{6“’)2

ar(t,z) = (M —t)—r(M—1t)+ %U(M — 1, He™)?
ag(t,z) = r(M —1)

1.2.2 Static Hedging of Barrier Options

The static hedging of barrier options was described in an article by Carr,
Ellis and Gupta [6] and in El Karoui [19]. In [6] , it is assumed that the
volatility ¢ is constant and that » = ¢ = 0, in which case an explicit formula
for the solutions of the parabolic equation with piecewise linear boundary
conditions can be found (see [10] and [23]). The study in [19] is extended to



non-zero ¢ and r, but still constant parameters. The idea of static hedging
relies on the fact that European options — i.e. without barriers — are much
more liquid and, in particular, traded at the Exchange, so that they can be
used to hedge barrier options.

Suppose now that we have sold (resp. bought) an ”up-and-out barrier”
option with ”barrier” H and ”pay-oft” QB(S), S < H. We let P(t,S) be
the price of the barrier option, that is, the solution to equation (1.2) with
boundary conditions (1.3) in which ¢(S) is replaced by éQS) We also let
Q(t, S) be the price of the European option with ”pay-oft” ¢(S)1{s<my, that
is, the same as the barrier option, but ignoring the barrier except at maturity.
The function Q(t, S) is a solution of Black-Scholes equation (1.2) with only

the first boundary conditions of (1.3):
Q(t, S)’t:M = é(S) 1{S<H} S < [0, ‘l‘OO)

Assume that we can find a "mirror” function ¢(S) with support in (H, +00),
such that the solution Q(,S) to the Black-Scholes equation (1.2) with ter-
minal condition:

Q(t, S)i=nr = &(5) Lis>my S € 0,+00)

Q(t,S)|s=0 =0 to<t<M

and no barrier assumptions, happens to coincide with Q(t, S) along the bar-

rier [to, M) x {H} :

~

Q(t,H) = Q(t,H) Yt € [to, M)

Then the hedging strategy consists in buying (resp. selling) a combination of
FEuropean options — calls and puts with maturity M — that reproduce the
" pay-oftf” function qg(S ) Lis<my, and selling (resp. buying) another combina-
tion of European options — calls and puts, again with maturity M — that
reproduce the ”"pay-oftf” function ¢(S) 11s>my. The price of the overall com-
bination is Q(t, S) —Q(t,S). It is a solution of equation (1.2) and happens
to satisfy the same boundary conditions as P(t,.5) on o1l :

(QE.8)=Q(t.9))ls-n =0 t&to, M]



therefore the two functions are equal. In other words, as long as the underly-
ing price Sy doesn’t reach the barrier, the barrier option and the combination
of European options exactly have the same price. As soon as the underlying
reaches the level S; = H, then the barrier option disappears but, at the same
time, the combination of European options vanishes in price, i.e. one can use
the exact amount received by selling options that were bought to buy back
options that were sold. In the case where the maturity is reached while the
underlying didn’t cross the barrier, then the ”pay-off” of the combination of
Furopean options, i.e. QS(S), exactly matches the amount due to the buyer
(resp. expected from the seller) of the barrier option.

Note that the C-density theorem, together with the fact that any con-
tinuous function can be approximated by piecewise linear ones, prove that
unwinding the option portfolio can be made at an arbitrary low cost, what-
ever the time the barrier is reached, if ever.

This is of course a theoretical framework where no margin (”transaction
costs”) are applied to the "buying” and ”selling” prices of options. We also
assume that the "volatility surface”, that is the function o(t,.5), is a fixed
function which doesn’t depend on the evaluation date 3. In practice, one
should constantly re-calibrate this function with respect to the current price
of European options, so that it is not clear that a combination of options
which, theoretically, would vanish in price as forecasted at time ty will indeed
have price zero when the barrier is really crossed. The last remark is the time
taken to "unwind” the portfolio in case of barrier crossing, which may imply
some mismatch in the compensation of buys by sales (problem of ”slippage”).
For the reader who is interested in the practical management of options, one
of the best references is Taleb [25].

Andersen-Andreasen-Eliezer [1] provide a very practical method to nu-
merically build static hedges of various kinds of barrier options. Unlike our
approach, their hedges involve options with maturities ranging from ty to M,
which, at least theoretically, implies a continuous management of maturing
options.

Theoretical studies in more extended mathematical frameworks that in-
volve market imperfections can be found in Avellaneda-Paras [2] and Davis-
Panas-Zariphopoulou [7] for the problem of transaction costs and in Dupire
[13] and Derman-Kani [9] for stochastic volatility surfaces. Dubourg’s thesis
[11] is fully devoted to market imperfections. The market slippage is due
to the lack of liquidity. Finding models that properly measure its impact is
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difficult, but Taleb’s book thoroughly study this issue, as this is one of the
toughest practical difficulties of traders — and probably one of the major
limitations to the applicability of static hedging.

2 Statement of the Problem

As stated in the introduction, we are given a parabolic non-degenerate dif-
fusion equation:

Ly = 0wy(t,x) — as(t, x) Oney(t, ) + a1 (t,2) Opy(t, x) + ao(t,z) y(t,z) =0 (2.1)

The differential operator L is defined on the domain II = (0,7) x R.We
assume that the coefficients ag(?, x), a;(t,z) and as(t, z) satisfy the following
conditions:

CONDITION 2.1 (parabolicity): The coefficients a;(t,z),i = 0,1,2 are
real-valued functions defined on 11 and there exists oy > o > 0 such that:

ap < ay(t,r) <oy Y(t,x) €Tl

It is well know that, under very mild regularity assumptions on the coef-
ficients and on the initial data u(z) :

y(t, x)|t—0 = u(x) (2.2)

(u(z) should be continuous with growth at infinity at most like |z|™, m > 0)
the problem (2.1) is well posed, i.e. it has a unique well defined solution in
II which continuously depends on the boundary data.

At variance nothing similar is true for the problem described in section
1.1. Let z, x1 and xy be given positive numbers such that:

>0 0< 2o < 294
Let y(t,z) be the solution of the Cauchy problem (2.1), (2.2):
Ly=0, glio=1 (2.3)
with initial data u(z) = 4(z) concentrated in the set (—oo, —1] :

supp @ C (—o0, —12]. (2.4)
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The question is to find an initial condition u(z) € C°(R) concentrated in
[.Zl?(), Zl?l] :

supp u C [z, 2] (2.5)
such that the solution y(t, z) of the Cauchy problem (2.1), (2.2) with initial
condition u(x) satisfies the equality:

Y(t, 7)|z=0 = Y(t, 2)|2=0 (2.6)

If such a function u doesn’t exist then one may ask whether it is possible to
find a sequence u,(x) € C(R),supp u, C [zo,x;1] such that the sequence of
solutions y, (¢, z) of (2.1), (2.2) with initial value u = u,, satisfies the relation:
lim  sup |y,(¢,0) —5(£,0)] =0
N0 0T
Since this problem is ill-posed, as it will appear below (in particular a solution
exists only for a dense set of initial data @) more regularity than for the direct
problem is needed on the coefficients. In the whole sequel, we assume that
the following “technical” conditions are fulfilled.

CONDITION 2.2 (smoothness): The functions a;(t,z), i = 0,1,2 are con-
timous and bounded on 11, a; € C'(TI) and ay(t,z) € CV*(T1). Furthermore
there are two constants A > 0 and 0 < 7y < 1 such that for any (t,z) € TI
and (to, zg) € TI the following Hélder condition is true:

Gkai(t, .17) 8kai(t0, .170)
oxF oxF

where 0 < i < 2, 0 < k < i with the convention 8 a(z)/0z° = a(x).

CONDITION 2.3 (analyticity): There exists &y > 0 such that for any
t € [0,80] the functions a;(t,z), i = 0,1,2 are analytic with respect to x on
[21,4+00) .

CONDITION 2.4 (stabilization from the right hand side): The following
inequalities are true as r — 400 :

|Oas(t, z)| < cx™®

< A(|lz — mo|” + |t —to]7)

|Opas(t, z)| < cx !

|Oaq (t, )| + |Opar (t, 2)| < cax™®

where ¢ and « are strictly positive constants that are independent of t.
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3 The Uniqueness Theorem

3.1 Uniqueness

For any solution (¢, z) of (2.1) and (2.2) with u € C°(R), supp @ C (—c0, 7],
we show here that there is at most one initial data u € C°(R) satisfying:

lu(z)| < C 2™, m>0
(3.1)
supp u C [zg, +00), 29 >0

where (' is a positive constant, and such that the corresponding solution
y(t, z) coincides with y(, z) on {(¢,z) € II, © = 0}. Observe that the unique-
ness theorem holds in a slightly broader class than expected. It is not as-
sumed that supp u is bounded, however, © must mildly increase for x going
to 4-o00.

The problem being linear, it suffices to show that if a continuous initial
condition u satisfies (3.1) and if the solution y(t,z) of equations (2.1), (2.2)
vanishes for z = 0, then v = 0.

THEOREM 3.1. Let u(z) € C°(R) satisfy (3.1). If the solution y(t,z) of
equations (2.1), (2.2) satisfies:

Vie (0,T)  y(t,0)=0 (3.2)

then one must have:

VeeR  wu(z)=0

PRrOOF. The function y(¢, z) satisfies the equation:
Oy(t, ) — ag0yy(t, x) + a10,y(t, z) + agy(t,z) =0 (3.3)

for (t,z) € II. = (0,T) x (—o0,0), as well as the initial and boundary
conditions:

y(0,2) =0, V<0 (3.4)
y(t,0) =0, Vte(0,T) (3.5)

Therefore its restriction to IT_ is a solution of a well-posed Dirichlet problem
with zero initial and boundary (for = 0) data. This implies:

V(t,z) e II_ y(t,z) =0



Hence on the line {(¢,z) € II, = 0}, one has:

y(t7$)|13:0 =0
(3.6)
8scy(t7 aj)l:c:O =0

As y(t, z) also satisfies (3.3) for (t,z) € II, = (0,T) x (0,00), the standard
Holmgren theorem for parabolic equations (see. for instance Tataru [26] for
recent proofs and references) implies, thanks to the mild growth assumption
at infinity for u, that y(¢,z) again vanishes in II;. In particular:

VeeR u(z)=y(t,z)i0=0 O (3.7)

3.2 Non Existence Results

The uniqueness theorem leads to a non existence result.

COROLLARY 3.2. For a wide class of parabolic equations problem (2.1),
(2.2), (2.6) does not possess a solution u(x) in the class of u(z) € C°(R)
satistying condition (2.5).

PROOF: The first type of obstruction is based on the support of u. Sup-
pose that the coefficients ag (%, x) and as(, ) of equation (2.1) are even func-
tions with respect to z,and that a4(¢,z) is an odd function:

a;(t,x) = (=1)'a;(t,—z) i=0,1,2 (3.8)

We assume that the support of %(z) coincides with the interval [—Zy, —Z],
where —oo < —#1. Equalities (3.8) imply that y(¢, —x) is also a solution of
(2.1). Therefore, the initial condition u(—zx) is the solution of problem (2.1),
(2.2), (2.7). This solution belongs to the class defined by (3.1) and (3.2).

From Theorem 3.1, it is unique in this class, therefore one has:
[#,21] C [x0,21]

If this inclusion is not satisfied, then there is no solution with support in
[Cl?(), Cl?l] .

The support of u is not the only obstacle to the existence of solutions. It
is indeed possible to build an example for which no solution with a support
contained in the whole interval [0, co| will exist. Let us introduce the diffusion
equation:
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The function b(t) is assumed to be smooth and nonnegative, equal to 0 for
0 <t < T and strictly positive for T} < ¢ < T. Denote by B(t) the function:

The solution y(t,z) to the evolution equation:
Ly=0, y(0,z)=u(x) (3.10)

can be explicitly computed by Fourier transform and is given by the formula:

o)== [ e (FEE P wgae ey

We start with a nonnegative initial data u(x) with support in (—oo,0]. From
the first example, and from the fact that B vanishes on [0,7}], the solution
u (provided it exists) must satisfy the relation:

u(x) = u(—x)

For t > T, the difference between the two solutions on the line

{(t,z) € II, =0} is be given by:

L /OO {exp G%%@{p <%>}a<@d5 (3.12)

which is nonzero for a general 1.

Remark 1 Carr-Chou [5] provide an exact solution for w with various pay-
off functions 1 in the case of a constant b. From these examples, it can be
seen that, except very particular shapes of u, the solulion u is, in general,
supported by the whole half-line (—oo,0] and that different values of b lead
to different solutions, which cannot be merged to produce a solution to, for
instance, the case where b(t) is a "bump” function, as described above, or
even a step function.

These negative answers to the first question stated in the end of sect. 2
justify the seek for approximate solutions. This is the purpose of the next
section.
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4  Approximate Solutions

In this section we prove the existence of a sequence u,(z) of initial conditions
satisfying (2.5), such that the corresponding solutions y,(t,z) of (2.1), (2.2)
uniformly converge to 9 on the line {x = 0} :

lim  sup |9(t,0) — yn(£,0)] =0 (4.1)
n—+000<t<T
The proof relies both on a duality argument and on the uniqueness property.
This method was used already in many situations (see for instance J.-L.
Lions and R. Lattes [20], J.-L. Lions [22], A.V. Fursikov [15], A.V. Fursikov
and O.Yu. Imanuvilov [16]). As we are willing C°-convergence — which is
the only meaningful convergence for the financial problem —, the duality
argument will involve solutions of the diffusion equation with a measure on
the right hand side.
THEOREM 4.1. Suppose that i(x) € C°(R) satisfies (2.4) and that §(t, )
is the solution of problem (2.3), where L is the operator defined in (2.1).
Let 0 < 2y < 71 < oo be given. There exists a sequence of functions
un(z) € C°(R) satisfying (2.5), such that the solutions y,(t, ) of (2.1), (2.2)
with u(x) = u,(x) satisty (4.1).

Remark 2 If, as in the examples above, an exact solulion u does not exist,
then the sequence u,, cannot converge. In particular, it will not be bounded for
any norm which is relatively compact with respect to C°, or to any functional
space in which the uniqueness theorem s valid.

Remark 3 In practice, shrinking the support may have a dramatic impact on
the size of the solution. The figure below shows the function u that minimises
(., 0) —y(.,0)|| ;2 when L is given by (3.9) with b = 0, zo = 0.1, zy =
2, £ =—-0.2 and 4(z) = & — x for x € (—o0, .
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= ==Initial Pay-off
Mirror Pay-off

PROOF. Let W be the subspace of traces w(t) = y(¢,0) of functions
y(t, z) satisfying (2.1), (2.2) for initial data u(z) in the set

U={ueC’R), suppuC [zo,21]} (4.2)

If W is not dense in C°(0,T), then there exists a nonzero measure h(dt),
such that

/ ' w(t) h(dt) =0 (4.3)

for any w € W. Introduce the solution p(t, z) of the following adjoint prob-
lem:

Ap(t, ) + Opu(as(t,z) p(t, x))
(4.4)

+ Op(ar(t, z) p(t,x)) — ao(t, ) p(t,z) = 6(x) h(dt)
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p(t,z)|=r =0 (4.5)

where 6(x) is the Dirac §—function. With the change of time variable t — T—t
(4.4), (4.5) turns out to be a classical well posed parabolic problem (see A.
[11]). Multiplication of both sides of (4.4) by any solution y(¢, ) of
(2.1), (2.2) followed by integration over Il and integration by part (all these
operations being done in the sense of distributions) leads to the formula:

Friedman |1

0 = [ @+ Ouslars) + 2ufarp) — auplydot ~ [ 400,00t

= / p(0, z)u(xr)dr — /(@y — 90y + 010,y + aoy)pdz dt  (4.6)

xg 11
1
= —/ p(0, z)u(z) dx
o
Slnce u(z) runs through the whole space U, which can be identified to
CY ([ro, z1]) = {u € C*(R), u(zg) = u(z;) = 0} equality (4.6) implies that:
p(0,z) =0, YV € [xo, 1] (4.7)

Since the coefficients a; of (4.4) satisfy condition 2.3 (of analyticity), the
solution p(t,x) to the parabolic equation (4.4) is an analytic function with
respect to the variable xz for £ = 0 and x € [zy,00), and the relation (4.7)
implies the identity:

p(0,z) =0, Vx> xg (4.8)

The following assertion which will be proved in the next section, is the main
step in the proof of Theorem 4.1.

LEMMA 4.1. Let p(t,x) satisfy equation (4.4) for (t,z) € Iy = (0,T) x
(N, 0), with N > 0 large enough, assume that the relations:

p(t,a:)|t:0 = P(tail7)|t:T =0, z>N (4.9)

hold and suppose that there exists a constant 3 > 0, such that the function
r(t,x) = p(t,z) e’ belongs to the class:

HY(Iy) = {2(t,z) € L’ ([0, T]; H*(N,00)) : 0,z € L*(IIy)}  (4.10)
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Then p(t,x) is identically zero in Il ;.

CONTINUATION OF THE PROOF OF THEOREM 4.1. First observe that
for any N > z; the solution p(t,z) of problem (4.4), (4.5) satisfies the as-
sumptions of Lemma 4.1. With N > z; (4.9) follows from (4.5), (4.8). To
check the regularity and the growth condition (4.10), which will be used
in conjunction with Carleman estimate in the section 5, one introduces the
Green function I'(7,&,t,x) of the operator defined by the left hand side of
(4.4). Tt is well-known (see A. Friedman [14]) that the Green function I' and
its derivatives satisfy for 7 > t the following estimates:

ID(r,€,t,2)| < e(r — )% exp <—%> (4.11)

0.0 (7, 6,1, 2)| < e(T —1) "% exp <—A(|f7:f)|2> (4.12)

Az — ¢
e > (4.13)

where ¢ and A are positive constants. The solution p of the problem (4.4),
(4.5) is expressed, with respect to the Green function, as follows:

B (r,£.4,2)| + |00 T(r. €, 1,2)] < c(r — 1) Fexp <—

p(t,z) = /T [(1,0,t,z) h(dr) (4.14)
¢
This expression implies a uniform C? regularity on any domain of the form:
Apg =1z, k<|z|< K} x[0,T], 0<k< K<N
We now introduce a smooth truncation function #(x) such that:
O(z)=0 if |z|<k
O(x)=1 if |z| > K
and we set:

p(t, ) = 0(x)p(t, x)
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The function p(z,t) coincides with p(z,t) for |x|] > K and is a solution of
the following equation:

hp(t, x) + Opp(as(t, z)p(t, x))
(4.15)
+ 8ﬂ3(a1(t7 a:)_ﬁ(t, $)) - ao(t,a:)ﬁ(t, .17) = g(t7 .17)

Pt x)|e=r =0 (4.16)

where ¢(t, ) denotes a C? function with support in the set Ay g, with 0 <
k < K < N. Therefore, for |z| > N, one has:

p(a:,t):/oo/t D(r,&,t,x) g(7,&) drd§ (4.17)

Together with (4.11), this formula implies, for |z| > N, the raw estimate:

lp(z,t)] < C’/ / 2eXp( /\”fl_ d ) |lg(7.&)| drd€

(4.18)
_ 2 T 1
< CK exp (—M) / (r—1t) 2dt
- ¢

Estimates for the derivatives of p can be obtained along the same line with
a minor improvement of (4.18). Therefore all assumptions of the Lemma 4.1
are verified and, in virtue of this lemma, p(¢,z) = 0 for any (¢,z) € 1.
The Holmgren theorem applied to the parabolic equation (4.4) implies that

p(t,z) =0  V(t,z) € (0,T) x (0,00) (4.19)

In fact this property can be extended by continuity up to x = 0 as follows.
Thanks to (4 14) and Fubini’s theorem, for any ¢(t) € C°([0,T]) the function

fo t)dt is given by the formula:

O(x) :/0 (/ﬁ(t)/t [(7,0,t,z) h(dr)dt

_ /0 ' < /0 ST 0.1,2) dt> h(dr)
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From (4.11) and thanks to the upper bound:

/ () T(r0,¢,7) dt‘ <C / ' &’i@'t dt < est (4.21)

we may apply Lebesgue’s convergence theorem as soon as:
vVt € (0,7) lir% I(r,0,t,z) =T(7,0,¢,0) (4.22)

In fact, we know that the Green function I'(7,&, 1, x) is regular for ¢ A7 (see
Taylor [27, Vol.2, 7.13] and Friedman [14]). Eventually, it has been shown
that ®(z) is continuous in a neighbourhood of zero. Thanks to (4.19) one
has:

T
lim (z) = lim p(t,x)p(t)dt =0 (4.23)
z—0 r—0t 0
Consequently:
p(t, 2)|g—0 =0 (4.24)

OnII_ = (0,T) x (—o0,0] the function p(t, z) is the solution of a well-posed
Dirichlet problem with initial and boundary data equal to zero and one has:

p(t,z)=0  V(t,z) € (0,T) x (—o0,0] (4.25)

Equalities (4.19), (4.24) and equation (4.4) imply that h(t) = 0..

5 Carleman Estimate

This section is devoted to the proof of Lemma 4.1. To this end a Carleman
type estimate is proved for a functions p satisfying assumptions of Lemma
4.1. Note that estimates of such type were used for investigations of Cauchy
problems (see for example Hormander [18]) or controllability problems (see
Fursikov and Imanuilov [17]), as well as in other areas. Let us introduce the
weight function

p(x) = 7 — (N + 1)27V (5.1)

1
0 <7v < min <5,o¢>

where 7 is such that:

4
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In the above formula « is the number given by the condition 2.4 (stabiliza-
tion).

LEMMA 5.1. Let p(t,x) satisfy assumptions of Lemma 4.1. Then there
exists a constant ¢ > ( such that for any sufficiently large s > 0 and N > 0
the following inequality holds:

/ (527 1(8,p)” + s> *1p?) @ d dt
My

(5.2)
T
S CN3737336725N177 / [(8tp)2 + (8:cp)2 + pQ} |:z::N dt
0
where ¢(x) is given by (5.1).
PROOF. Introduce in equation (4.4) the function ¢(¢, z) given by:
p(t, ) = e **Dq(t, z) (5.3)
This function satisfies:
Lig+ Lag = fs (5.4)
where:
Liq = 0,q + (a1 — 28a90,9)0q (5.5)
Laq = 90,2q + (5%a5(0,0)? — 5010,0)q (5.6)

fs = (8 Onp0 + 25 (0p9) Opp — Opatty — Opaq + ag) g — 2(0pan) g (5.7)
Since p satisfies (4.10), the relations (5.1) and (5.3) imply that ¢ € H"?(I1y).

This inclusion justifies all transformations and integrations on Il made be-
low, starting from the formula:

”qu”%Q(HN) + ”L2QH%2(HN) +2(11q, Lsq) r2(ny) = ”fs”%‘z(nN) (5.8)
With (5.5) and (5.6) one obtains as last term of the left hand side of (5.8):
2(11q, Loq)r2nyy = I + I + I3 (5.9)
with
I, = 2/ (01q)(a90npq + {32a2(8m<,0)2 — sa10,0}q) dx dt (5.10)
My
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I = 2/ (a1 — 28a90,0)(0xq)a20,,q dz: dt (5.11)
15

I3 = 2/ (a1 — 28a20,¢)(02q)(s a2(8m<,0)2 — sa10,p)qdxdt (5.12)
TN

Integrations by parts give:

I =2 / (a3(0,0) (0s9)) |orv

{~201(8:9)” — 2(8,02)(8:9)(D2q) + (5*a2(Dnp)” — 8010,0)Duq” } dxdl

My

_ 9 /0 (02(019) (9r)) lo—n dt

[ {(00)(0.0" - 20.0)(00) 0u) ~ (010 0u) — 5(2ua )i} d
"’ (5.13)
I, = / (a1a9 — 23a§8m90)8m(8mq)2 dxdt

T
= —/ ((a1as = 25a30,)(:9)*) |a-n dt (5.14)
0
‘I'/ {23a;3m90 + 45a9(0pa9)Opp — Op(a1a2)}(0:q)? } dx dt
My

I3 = {—sa%@mgo + 382(L1a2(3$<,0)2 — 233a§(8m<,0)3} D,q> dx dt

My

T
= / ((25°a5(02p)* — 3s%a1a2(02p)” + 5070,0)q”) |o—n di
0

+ | {65°05(0:0) Drap + 457 a2(pas) (up)” — 357 (Du(a102)) (Dnp)?

My

- 632a1a23$<,08m<,0 + 25a10,010,0 + safﬁmgp}qQ dxdt
(5.15)
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From (5.1), we have:

Oup = (2—7) '™
(5.16)
Orap = (2—7)(1 =)z

The Condition 2.4 on coefficients a; (stabilization) provides an estimate of
the function fy given by (5.7) for N large enough:

1oy < / ({18 + )" + ca "4 (D,9)7) dwdt (5.17)
N

With the same arguments, lower bounds for the left hand side of (5.14) and
(5.15) are obtained:

1y > / 25a2(2 — Y)(1 — 7)x " "(0,q)* dx dt
My
e / (527" + o) (Bug)? du dt (5.18)
I
T
—a(l+ vas)/ (02q|a=n)? dt
0
I3 > / 6a3(2 — 7)*(1 —v)s*z* M ¢* dx dt
My
. 65/ |S3$27377a ‘I‘ 82(372727704 _I_a:1727) ‘I‘ S$77|q2 da:dt (519)

My

T
— (PN £ PN 2 | sN177) / q*(t,N)dt
0
The function L1q given by (5.5) satisfies, for z > N > 1:

12(0202)(0:9)(92q)| < 2](Dra2)(Deq) Lnq| + 2|(Dra2)(92q)* (a1 — 25a20:)|

1
< §|L1Q|2 + e7|0pq|* (x> + 2 sz T)
(5.20)
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This relation is used to estimate I; for N > 1 as follows:

T 1
|]1| < C/ |(8tq3mQ)|m:th+ 5/ (qu)Qdaﬁdt
0 n|

N

+ cs {(0,0)(@* + 527 ") + ("2 "+ sz ") pdadt  (5.21)
My
From formula (5.1), one has:

PIN) = NPT— (N 1P
= SN T )

1
< —N*7"1+=-1)=-N'""
< I+5-b
With (5.3), we get in particular:

lg(t, N)| < e N |p(t, N)|
(5.22)
|0uq(t, N)| < e=*N'" 7|9yp(t, N)|

and
10nq(t, N)| < e=*N" 7 (|8up(t, N)| + sN'~7|p(t, N)|) (5.23)
Using (5.18), (5.19) and (5.21)-(5.23), Condition 2.2 (of parabolicity) and

the inequality v < %, one estimates the scalar product (5.9) from below:

2(L1q, Loq) oy > /

II

12
{§aga¢7(8mq)2 + —8a(2)33a:237q2} dzdt
o 27

—c {7+ s27*7)(0pq)” + (5’2" ¥ + %2> + sz’ ")’} dudt
My

1
——/ (L1q)* dxdt
2 Jin

T
_ C/S3N337625N1'v/ <|p|2 + |8tp|2 + |3mp|2> |$:N dt
0

(5.24)
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Substitution of (5.24) and (5.17) into (5.8), with simple transformations,
yields:

1 8s 5 128 _
§”L1QH%2(HN)+HL2QH%2(HN)+/ {504(2)517 "(0:9)” + 2—704333?172 37q2}da7dt
N

T
< C/S3N337625N1v/ (|p|2 + |3tp|2 + |3mp|2)|m:1vdt
0
+c / (x7™ + sz~ 7) (0,q)*dxdl (5.25)
My

—I—/ (33.17273770‘ + 22 ey {%177) g’dxdt
My

Inequality (5.25) implies for NV and s large enough, the estimate:

&_(2)83777(8 2 2.3,2-3v 2 dxrd
5 2q)” + aps’z” "q" | dzdt
15
(5.26)
T
< NI [ (1 4 0P +10upP) L
0

We now get the required estimate (5.2) by substituting ¢ in the left hand
side of (5.26) by its expression with respect to p as in (5.3). O

PROOF OF LEMMA 4.1. Inequality (5.2) implies that for s and N large

enough one has:

/ (527 7(9,p)? + s*2> *1p?)e??@) dx dt

Myt

(5.27)
T
< N SN [ @)+ @) + )} e
0

with a constant ¢ which does not depend on s. The right hand side of this
letter estimate tends to zero non-increasingly as s — +oc. If the function

p(t, x) is not identically zero on Il 1, then the left hand side of this equation
goes to 400 as s — 400, which leads to a contradiction. O
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6 Conclusion

We have proved that the principle of static hedging of barrier options can
be extended to the case of arbitrary diffusion coefficients for the underlying
— provided some technical conditions are satisfied — for C°-approximations
only, but not as an exact hedge in general. If it exists, we also showed
that such a hedge is unique. The proof of the density theorem deeply uses
Carleman estimates on solutions of parabolic equations.

This article addresses a new class of inverse problems, which deserves
further investigations. In particular we are convinced that our C° framework
is neither optimal for the uniqueness, nor for the approximation result. P.
Shorygin [24] studied the existence of .2 bounds for approximate solutions.
Other approaches should also be considered. Another interesting issue is to
let both % and u have their support contain the origin and examine the local
behaviour of u near the origin with respect to that of % and of the coefficients
a; , including when 1 is discontinuous — as is the case for "reverse barrier
options”.

References

[1] L. Andersen, J. Andreasen, D. Eliezer Static Replication of Barrier Op-
tions: Some General Results Preprint Gen. Re Fin. Prod., Feb 2000.

[2] M. Avellaneda, A. Paras Managing the Volatility Risk of Portfolio of
Derivative Securities : The Lagrangian Uncertain Volatility Model Appl.
Math Finance, 3, (1996), 21-52.

[3] C. Bardos, R. Douady, A. Fursikov Static Hedging of Barrier Options
with a Smile: An Inverse Problem Preprint CMLA No. 9810, Ecole
Normale Supérieure de Cachan, (Feb. 1998).

[4] F. Black, M. Scholes The Pricing of Options and Corporate Liabilities
Jour. of Polit. Econ., 81, (1973), p. 637-54.

[5] P. Carr, A. Chou Breaking Barriers RISK, Sep. 1997, p. 139-145.

[6] P. Carr, K. Ellis, V. Gupta Static Hedging of Exotic Options Jour. of
Finance, Jun. 1998, p. 1165-90..

23



[7] M.H. Davis, V.G. Panas and T. Zariphopoulou Furopean Option Pricing
with Transaction Costs STAM Jour. Control and Opt., vol. 3, No. 2,
(1993), p. 470-93.

[8] E. Derman, I. Kani Riding on a Smile Risk Mag., (Feb. 1994), p. 32-39.

[9] E. Derman, I. Kani Stochastic Implied Trees: Arbitrage Pricing with
Stochastic Term and Strike Structure of Volatility Int. Jour. of Th. and
Appl. Finance, vol. 1, (1998), p. 61-110.

[10] R. Douady Closed Form Formulas for Ezxotic Options and their Lifetime
Distribution Int. Jour. of Th. and Appl. Finance, vol. 2, No. 1, (1998),
p. 17-42.

[11] N. Dubourg Couverture dynamique en présence d’imperfections Ph.D.
Thesis, Univ. Paris I, (1997).

[12] B. Dupire Pricing and Hedging with Smilesin Mathematics of Derivative
Securities Edit. by M.A.H. Dempster and S.R. Pliska, Cambridge Univ.
Press, Cambridge, (1997), p. 103-111.

[13] B. Dupire A Unified Theory of Volatility Preprint Paribas Capital Mar-
kets, (1995).

[14] A. Friedman Partial differential equations of parabolic type Prentice-hall,
Inc. Englewood Cliffs, N.Y. (1964).

[15] A.V. Fursikov Lagrange principle for problems of optimal control of ill-
posed or singular distributed systems Jour. Math. Pures et Appl., 71,
(1992), p. 139-94.

[16] A.V. Fursikov, O.Yu. Imanuvilov On approzimate controllability of the
Stokes system Annales de la Faculté des Sciences de Toulouse, 11, (1993),
p. 205-32.

[17] A.V. Fursikov, O.Yu. Imanuvilov Local exact controllability of two di-
mensional Navier-Stokes system with control on the part of the boundary
Math. Sbornik., vol. 187, No. 9, (1996).

[18] L. Hormander Linear partial differential operators Springer-Verlag,
Berlin, (1963).

24



[19] N. El Karoui Ewvaluation et couwverture des options exotiques Working
paper, Univ. Paris VI, (1997).

[20] R. Lattes, J.-L. Lions Méthode de quasi-réversibilité et applications
Dunod, Paris, (1967).

[21] R.C. Merton Theory of Rational Option Pricing Bell Jour. of Econ. and
Manag. Sci., 4, (1973), p. 141-83.

[22] J.L. Lions Controle optimal de systémes gouvernés par des équations
auz dérivées partielles Dunod Gauthier-Villars, Paris, (1968).

(23] M. Rubinstein Ezotic Options Finance Working Paper No. 220, U.C.
Berkeley, (1991).

[24] P.O. Shorygin On the Controllability Problem Arising in Financial
Mathematics Jour. Dynamical and Controlled Syst., vol. 6, No. 3, (2000),
p. 353-63.

[25] N. Taleb Dynamic Hedging : Managing Vanilla and Ezotic Options J.
Wiley & Sons, New York, (1997).

[26] D. Tataru Carleman estimates and unique continuation for solutions
to boundary value problems Jour. Math. Pures et Appl., 75, (1996), p.
367-408.

[27] M. E. Taylor Partial Differential Equations II Springer-Verlag, Berlin,
(1991).

Related papers not cited in the article

(28] P. Acworth Pricing and Hedging Barrier and Forward Start Options
Using Static Replication Working paper, ING Barings, 1997.

[29] S. Allen, O. Padovani Risk Management Using Static Hedging Working
paper, Courant Institute, N.Y.U., 2001.

[30] L. Andersen, J. Andreasen Static Barriers RISK, Sep. 2000, p. 120-22.
[31] S. Aparicio, L. Clewlow A Comparison of Alternative Methods for Hedg-
ing Erotic Options Working paper, FORC, 1997.

25



[32] A. Bhandari Static Hedging: A Genetic Algorithms Approach Working
paper, 1999.

[33] J. Bowie, P. Carr Static Simplicity RISK, Aug. 1994, p. 44-50.

[34] H. Brown, D. Hobson, C. Rogers Robust Hedging of Barrier Options
Math. Finance, 11, 3, (2000), p. 285-314.

[35] P. Carr, J. Picron Static Hedging of Timing Risk Jour. of Derivatives,
Apr. 1999, p. 57-66.

[36] P. Carr, A. Chou Static Hedging of Complex Barrier Options Working
paper, Courant Institute, N.Y.U., 1998.

[37] A. Chou, G. Grigoriev A Uniform Approach to Static Replication Jour.
of Risk, Fall 1998, p. 73-86.

[38] M. Davis, W. Schachermayer, R. Tompkins Pricing, No-arbitrage
Bounds and Robust Hedging of Installment Options Working paper,
Tech. Univ. Vienna Autria, 2000.

[39] E. Derman, D. Ergener, 1. Kani Forever Hedged RISK, Sep. 1995, p.
139-45.

[40] E. Derman, D. Ergener, 1. Kani Static Option Replication Jour. of Deriv-
atives, 2, 4, (1995), p. 78-85.

[41] N. El Karoui, M. Jeanblanc-Piqué Exotic Options Without Mathematics
Working paper, Univ. Paris VII, 1997.

[42] E. Haug First... Then...Knock-out Options Wilmott Mag., Jul. 2001.

[43] E. Haug Barrier Put-Call Transformations Working paper, Paloma
Partners, 1999.

[44] E. Herzfeld, H. Konishi Static Replication of Interest Rate Contingent
Claims Master Thesis, M.I.T., 1997.

[45] D. Hobson Robust Hedging of the Lookback Option Finance and Stochas-
tics, 2, (1998), p. 329-47.

26



[46]

[47]

[48]

[49]

[50]

[51]

[52]

[53]

[54]

P. Jaeckel, R. Rebonato An Efficien and General Method to Value
American-style Equity and FX Options in the Presence of User-defined
Smiles and Time-dependent Volatility Working paper, NatWest, 1999.

G. Koutmos Financial Risk Management: Dynamic vs. Static Hedging
Global Bus. and Econ. Review, Vol. I, No. 1, Jun. 1999, p. 60-75.

G. Peccati A Time-space Hedging Theory Working paper, Univ. Paris
VI, 2001.

A. Sbuelz A General Treatment of Barrier Options and Semi-static
Hedges of Double Barrier Options Working paper, Tilburg Univ., 2000.

A. Sbuelz Semi-static Hedging of Double Barrier Options Working pa-
per, Tilburg Univ., 2000.

B. Thomas Ezotic Options 1l in Handbbok of Risk Management, ch. 4,
C. Alexander ed., 1998.

H. Thomsen Barrier Options: Fvaluation and Hedging Dissertation,
Aarhus Univ., 1998.

K. Toft, C. Xuan How Well Can Barrier Options be Hedged by a Static
Portfolio of Standard Options? Jour. of Fin. Eng., 7, 2, (1998), p. 147-
75.

R. Tompkins Static vs. Dynamic Hedging of Fxotic Options: An Fvalu-
ation of Hedge Performance via Simulation Net Exposure, 2, Nov. 1997,
p- 1-36.

Aknowledgment: The authors wish to thank the referees for providing

many interesting references in this topic.

27



