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1 Introdu
tion1. Finan
ial problem. Suppose that we want to measure the risk of a hedge fund. Thereturns of hedge funds are reported monthly, so we are measuring the risk of a monthlyreturn. The simplest way of doing that would be to take just the empiri
al distribution.However, a more advan
ed pro
edure would 
onsist in: �rst, relating the return of thehedge fund to the values of 
ertain �nan
ial fa
tors, like the pri
e of oil or the S&P 500index; se
ond, estimating the joint distribution of fa
tors by a 
ertain time series model.This would yield the distribution of the future return.In this paper, we will deal with the �rst problem. Fix a time period [0; T ℄. Let Rdenote the return of the hedge fund over this period and let X1; : : : ; XN be the in
rementsof the fa
tors over this period (nothing will 
hange if instead we 
onsider their values attime T ). Alternatively, R might be the return or the Pro�t&Loss of an arbitrary portfolioover [0; T ℄. The problem is then to estimate the 
onditional distributionLaw(R jX1 = x1; : : : ; XN = xN ): (1.1)If the joint law of X1; : : : ; XN is known (whi
h is reasonable sin
e otherwise the wholemethodology makes no sense), then the above problem is equivalent to estimating thejoint law of R;X1; : : : ; XN . This is the point when the major problem arises.The variable R has s
ar
e observations. If, for example, the hedge fund has a two-year history, then we would have two dozens observations of R. This is suÆ
ient toestimate the distribution of R and might also be suÆ
ient to estimate the joint distribu-tions Law(R;Xn). However, this data is insuÆ
ient to estimate the triple distributionsLaw(R;Xn; Xm) and is totally insuÆ
ient to estimate Law(R;X1; : : : ; XN) as in modernrisks measurement s
hemes N is of order of several hundreds. So, the problem we arefa
ed with is to re
over Law(R;X1; : : : ; XN) from the knowledge of Law(X1; : : : ; XN) andLaw(R;Xn); n = 1; : : : ; N .2. Mathemati
al formulations. In this paper, instead of trying to re
over thewhole 
onditional distribution (1.1), we will re
over only the 
onditional expe
tationE[R jX1 = x1; : : : ; XN = xn℄. For this, we will need only the 
onditional expe
tationsE[R jXn = x℄ instead of the distributions Law(R;Xn).The stri
t mathemati
al formulation is as follows. We are given a measure P on RN(this is the law of X1; : : : ; XN) and the fun
tions 'n : R ! R ('n(x) means E[R jXn = x℄). We want to �nd a fun
tion ' : RN ! R ('(x1; : : : ; xN) has the meaningE[R jX1 = x1; : : : ; XN = xn℄) su
h thatE['(X1; : : : ; XN) jXn℄ = 'n(Xn); n = 1; : : : ; N; (1.2)where Xn denotes the n-th 
oordinate proje
tion of RN on R.A reformulation of (1.2) is: to re
over a fun
tion ' : RN ! R by knowing its inte-grals over all the hyperplanes orthogonal to ea
h of the 
oordinate axes. This problemis somehow similar to re
overing a fun
tion from its Radon transform (whi
h means theknowledge of the integrals over all the one-dimensional lines in RN ). However, there existsa 
ru
ial di�eren
e between the two problems: knowing the Radon transform is suÆ
ientto re
over the fun
tion, while knowing integrals over hyperplanes orthogonal to 
oordinateaxes is far from being suÆ
ient. As an example, 
onsider the situation where P is 
on
en-trated on a latti
e fa1; : : : ; aMgN . Then we have MN unknown parameters, while (1.2)2
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provides us only with NM equations. One more example, if X1; X2 are independent stan-dard Gaussian and '(x1; x2) = x1x2, then E['(X1; X2) jXn℄ = 0, so that adding ' to anysolution of (1.2) provides another solution.Thus, there is no hope to get a unique solution of (1.2) in any reasonable model. Onthe other hand, for the pra
ti
al appli
ations, one de�nitely needs to 
hoose a uniquesolution. So, one has to impose additional 
onditions on the unknown fun
tion ' thatwould guarantee the uniqueness of a solution (at least, in reasonable models) and wouldalso allow for an eÆ
ient pro
edure of 
al
ulating the solution. In this paper, we proposeto look for the solution, whi
h is \the most moderate one" as measured by its varian
e.In other words, we will 
onsider the problem(Minimize Var'(X1; : : : ; XN) subje
t toE['(X1; : : : ; XN) jXn℄ = 'n(Xn); n = 1; : : : ; N; (1.3)where Var denotes the varian
e.3. Solution. We �rst 
onsider (1.3) in 
omplete generality, i.e. for an arbitrarymeasure P . A ne
essary 
ondition for the existen
e of a solution is that all 'n(Xn) havethe same expe
tation. We will impose this 
ondition and assume without loss of generalitythat this expe
tation is zero. The result we prove shows that in typi
al 
ases the solutionexists, is unique, and has the form'(x1; : : : ; xN) = NXn=1  n(xn)with some fun
tions  n : R ! R. In order to get expli
it expressions for  n, we are then
onsidering three parti
ular 
ases (ea
h 
orresponding to a quite wide 
lass of measures P ).Our �rst example is the 
ase when X1; : : : ; XN are independent. In this 
ase thesolution of (1.3) has the form '(x1; : : : ; xN) = NXn=1 'n(xn):However, this example is of theoreti
al interest only as in pra
ti
e the fa
tors are alwaysdependent.The se
ond parti
ular 
ase 
orresponds to the Gaussian P . Then the solution of (1.3)is provided by '(x1; : : : ; xN ) = N;1Xn;m=1�nmHm(xn);where Hm are Hermite polynomials and �nm are found through solving 
ertain N -dimensional linear systems (if in a pra
ti
al 
al
ulation one 
uts o� the above summationin m at some M 2 N , then one has to solve M su
h linear systems).Finally, we 
onsider the 
ase when P is a Gaussian 
opula. Mathemati
ally, this istrivial be
ause the problem is immediately redu
ed to the Gaussian 
ase. Pra
ti
ally, thisis very useful as Gaussian 
opulas are probably the most popular 
lass of models for thejoint distribution of risk fa
tors. 3



4. Stru
ture of the paper. In Se
tion 2, we des
ribe some other interpretations ofthe problem under 
onsideration. In Se
tion 3, problem (1.3) is studied for a general P .Three parti
ular situations des
ribed above are 
onsidered in Se
tion 4. Se
tion 5 dealswith the extension for multidimensional fa
tors. In Se
tion 6, we provide an appli
ationof our results to de
omposing the risk of a portfolio into three 
omponents. Se
tion 7
on
ludes.2 Problem InterpretationsAs des
ribed above, the problem under 
onsideration 
omes from measuring the risk ofportfolios with s
ar
e observations. It admits also other statisti
al and �nan
ial interpre-tations, whi
h are des
ribed in this se
tion. The reader interested only in the solution ofthe above problem 
an skip this se
tion.2.1 Linear and Non-Linear RegressionLet R;X1; : : : ; XN be square integrable random variables with mean zero. For the 
on-venien
e of presentation, we also assume that EX2n = 1. The problem of linear regressionof R on Xn is E(R� aX)2 �! min; a 2 R:The solution is given by an = ERXn. The problem of linear regression of R onX1; : : : ; XN is E�R� NXn=1 �nXn�2 �! min; �1; : : : ; �N 2 R:The solution is given by0B� �1...�N 1CA = C�10B� ERX1...ERXN 1CA = C�10B� a1...aN 1CA ;where C is the 
ovarian
e matrix of X1; : : : ; XN . Thus, the solution of the multidimen-sional regression problem 
an be re
overed from the solutions of the one-dimensionalproblems if Law(X1; : : : ; XN) is known.The non-linear regression of R on Xn is the problemE(R� '(Xn))2 �! min; ' : R ! R;whose solution is 'n(x) = E[R jXn = x℄. The non-linear regression of R on X1; : : : ; XN isthe problem E(R� '(X1; : : : ; XN))2 �! min; ' : RN ! R;whose solution is '(x1; : : : ; xN) = E[R jX1 = x1; : : : ; XN = xN ℄. Thus, the problem we are
onsidering in this paper might be seen as the problem of re
overing the multidimensionalnon-linear regression fun
tion from one-dimensional regression fun
tions.
4



2.2 Fa
tor RisksAlong with the problem of measuring the risk of a portfolio, an important problem isto measure separately the risks brought by ea
h of the e
onomi
 fa
tors a�e
ting theportfolio's return. This is important to understand whi
h fa
tors a�e
t the risk most andis also useful if large moves of some fa
tors are expe
ted.The following notion of fa
tor risk was introdu
ed independently in industry by theRiskData 
ompany and in the literature by Cherny and Madan [1℄. The aim of thisnotion, as opposed to the sensitivity 
oeÆ
ients, is to take into a

ount the non-lineardependen
e of the portfolio's return on the values of the fa
tors. Let � be a risk measure(for example, the standard deviation, Value at Risk, or a 
oherent risk measure), R be thereturn or the Pro�t&Loss of a portfolio over a unit time period, and X be the in
rementof a fa
tor over this period. The fa
tor risk of R brought by X is�f(R;X) := �(E[R jX℄) = �('(X));where '(x) = E[R jX = x℄. The intuitive meaning of this de�nition is as follows: R isrepresented as R1 + R2, where R1 = E[R jX℄ means the un
ertainty in R brought by thefa
tor X (re
all that this is the proje
tion of R on the spa
e of X-measurable randomvariables), while R2 = R� R1 means the un
ertainty in R brought by other fa
tors.In parti
ular, if � is a 
oherent risk measure, i.e.�(R) = � infZ2D E[ZR℄;where D is some set of random variables with Z � 0, EZ = 1, then�f (R;X) = � infZ2D E[ZE[R jX℄℄ = � infZ2D E[E[Z jX℄E[R jX℄℄ = � infZ2E[DjX℄E[ZR℄;where E[DjXn℄ = fE[Z jX℄ : Z 2 D℄g. Thus, the map R 7! �f (R;X) is again a 
oherentrisk measure.It might seem that if we take all the relevant fa
tors into a

ount, i.e. R is measurablewith respe
t to X1; : : : ; XN , then the overall risk is dominated (or at least \
ontrolled")by the sum of the fa
tor risks. However, this is not true if the fa
tors are dependent, whi
his the 
ase in pra
ti
e. To illustrate this e�e
t, 
onsider a simple example. Let X1; X2 beGaussian random variables with EXn = 0, EX2n = 1, and 
orr(X1; X2) = �1 + ", where" is a small number. Consider R = "�1(X1 +X2). As R is 
entered Gaussian, then, forany reasonable risk measure, �(R) should be proportional to the standard deviation of R,whi
h is of order "�1=2. On the other hand, �f (R;Xn) is proportional to the standarddeviation of E[R j Xn℄, whi
h is of order 1. In other words, the fa
tor risks do notne
essarily \
ontrol" the overall risk.The problem we are 
onsidering in this paper might be seen as the problem of joiningfa
tor risks together in su
h a way that this pro
edure would provide a right assessmentof the overall risk of the portfolio. 22.3 Hedge Fund Repli
ationThe problem of hedge fund repli
ation 
onsists in approximating the return R of a hedgefund by a fun
tion of fa
tor in
rements X1; : : : ; XN . A popular way to do that is to5




onsider a linear fun
tionPn �nXn; see [2℄, [6℄. However, as stressed in [3℄, [4℄, often thedependen
e of R on Xn is 
learly non-linear.The problem of this paper might be seen as �nding the best non-linear approximationof R byX1; : : : ; XN , through knowing the best non-linear approximations of R by ea
hXn.3 General SetupIn this se
tion, we will study problem (1.3) for an arbitrary measure P . Let us set� = f('1; : : : ; 'N) : E'2n(Xn) <1 and E'n(Xn) = 0 8n = 1; : : : ; Ng:We will denote by k � k the L2-norm and by PrE the orthogonal proje
tion on a spa
e E.We begin with a useful lemma, whi
h sheds light on the stru
ture of solutions.Lemma 3.1. Let ('n) 2 �. Suppose that  n : R ! R are measurable fun
tions withE 2n(Xn) <1 su
h that the fun
tion'(x1; : : : ; xN) = NXn=1  n(xn) (3.1)satis�es (1.2). Then it is the unique solution of (1.3).Proof. Let e' be a fun
tion satisfying (1.2). DenoteEn = f� 2 L2 : � is Xn-measurable, E� = 0g; (3.2)where L2 = L2(RN ; P ) is the spa
e of square integrable random variables. Then PrEn e' ='n(Xn) = PrEn ', where ' and e' are 
onsidered as random variables on (RN ; P ). As' 2 E1 + � � �+ EN (this is the spa
e of sums �1 + � � �+ �N , where �n 2 En), we get thate'� ' is orthogonal to '. This implies that ke'k � k'k, and the equality is possible onlyif e' = ' P -a.s. 2The next theorem provides a 
ondition on P ensuring the existen
e of a solution for any('n) 2 �. It also shows that in this 
ase the solution enjoys a number of ni
e properties.Theorem 3.2. The following 
onditions are equivalent:(a) For any ('n) 2 �, there exists a solution of (1.2).(b) (Lower ellipti
ity) There exists a 
onstant 
 > 0 su
h that, for any ('n) 2 �,



 NXn=1 'n(Xn)



 � 
 NXn=1 k'n(Xn)k:If the above 
onditions are satis�ed, then(
) (Existen
e, uniqueness, and form of solution) For any ('n) 2 �, there exists aunique solution of (1.3), and it has the form (3.1) with some ( n) 2 �.(d) (Linearity) If ' (resp., '0) is a solution of (1.3) 
orresponding to ('n) 2 �, (resp.,('0n) 2 �), then the solution 
orresponding to (�'n + �0'0n) is �'+ �0'0.6



(e) (Continuity) There exists a 
onstant C > 0 su
h that, for any ('n) 2 �,k'(X1; : : : ; XN)k � C NXn=1 k'n(Xn)k;where ' is the solution of (1.3) 
orresponding to ('n).The �nan
ial meaning of the linearity is as follows. If R denotes the return of aportfolio, then the solution 
orresponding to a weighted average of several portfolios isthe weighted average of solutions. If R denotes the Pro�t&Loss of a portfolio, then thesolution 
orresponding to a sum of portfolios is the sum of solutions. This property isvery 
onvenient in 
onstru
ting an optimal portfolio of hedge funds, i.e. the fund of fundsproblem.The �nan
ial meaning of the 
ontinuity is that the solution is stable under smallmisspe
i�
ations of the distributions Law(R;Xn) (assuming a �xed Law(X1; : : : ; XN)).First, we will prove an auxiliary lemma.Lemma 3.3. Let H1; : : : ; HN be 
losed linear subspa
es of a Hilbert spa
e H. Supposethat there exists a 
onstant 
 > 0 su
h that, for any xn 2 Hn,



 NXn=1 xn



 � 
 NXn=1 kxnk:Then, for any x1 2 H1; : : : ; xN 2 HN , there exist y1 2 H1; : : : ; yN 2 HN su
h thatPrHnPm ym = xn for any n.Proof. We will prove this statement by the indu
tion in N . Let N = 2. Consider thesequen
e (zk) 2 H de�ned by: z1 = x1,zk+1 = (zk + x2 � PrH2 zk if k is odd;zk + x1 � PrH1 zk if k is even:Denote Æk = zk � zk�1. ThenÆk = (�PrH1 Æk�1 if k is odd;�PrH2 Æk�1 if k is even:It is easy to see that there exists 
 < 1 su
h that kPrH1 zk � 
kzk for any z 2 H2 (indeed,otherwise we 
an �nd (un) 2 H2 with kPrH1 unk=kunk ! 1; then kun�PrH1 unk=(kunk+kPrH1 unk) ! 0, whi
h is a 
ontradi
tion). Clearly, we 
an 
hoose 
 < 1 su
h that wewill also have kPrH2 zk � 
kzk for any z 2 H1. Then kÆkk � 
kÆk�1k. This means that(zk) has a limit (z1). As Æk 2 H1 for odd k and Æk 2 H2 for even k, we see that z1 isrepresented as y1 + y2 with yn 2 Hn. It is 
lear that y1; y2 satisfy the desired 
ondition.Suppose now that the statement is true for N � 1 and let us prove it for N . DenoteeH1 = H1 + � � �+HN�1, eH2 = HN . Then the pair ( eH1; eH2) satis�es the 
onditions of thelemma. So, for the pair ex1 = x1 + � � �+ xN�1, ex2 = xN , there exist ey1 2 eH1 and ey2 2 eH2su
h that Pr eH1(ey1 + ey2) = ex1 and Pr eH2(ey1 + ey2) = ex2. We have ex1 = y1 + � � �+ yN�1 withyn 2 Hn. Then the 
olle
tion y1; : : : ; yN�1; ey2 satis�es the desired 
onditions. 27



Proof of Theorem 3.2. (b))(a) This impli
ation follows from the above lemma.(a))(
) Denote by E the L2-
losure of E1 + � � �+ EN , where En are given by (3.2).Let ' be a solution of (1.2) 
orresponding to ('n). It is easy to see that the set of allsolutions of (1.2) 
onsists of the fun
tions e' su
h that e'�' is orthogonal to ea
h En. Inother words, the set of all solutions is ' + E?, where E? is the orthogonal 
omplementto E. Now, it is 
lear that the solution of (1.3) exists, is unique, and is given by PrE '.We will prove the representation of the solution later.(a))(d) This property easily follows from the des
ription of the solution providedabove.(a))(e) Consider the spa
e F = QnEn (i.e. F 
onsists of 
olle
tions (�1; : : : ; �N)),where En are given by (3.2), endowed with the norm k(�1; : : : ; �N)k = �Pn k�nk2�1=2. LetE be the same as above. Then the mapE 3 � 7�! (PrE1 �; : : : ;PrEn �) 2 Fis 
ontinuous (E is denoted with the L2-norm), one-to-one (if �; �0 2 E have the sameproje
tions on ea
h En, then � � �0 should be orthogonal to E, whi
h is possible only if� = �0), and onto (due to (a)). Both E and F are Bana
h spa
es. By the Bana
h theorem,the inverse map is 
ontinuous. This is just what we need.(a))(b) Fix ('n) 2 � with k'n(Xn)k = 1. Denote Gn = fx'n(Xn) : x 2 Rg,G = fPn xn'n(Xn) : xn 2 Rg. Then, for any (x1; : : : ; xN) 2 RN , there exists � 2 L2 su
hthat PrGn � = xn'n(Xn) for any n. The same will be true for PrG � instead of �. So, forany (x1; : : : ; xN ) 2 RN , we 
an �nd � 2 G su
h that PrGn � = xn'n(Xn) for any n. Therandom variables � 
orresponding to di�erent 
olle
tions (x1; : : : ; xN) should be di�erentbe
ause k'n(Xn)k = 1. This implies that G has dimension N , i.e. '1(X1); : : : ; 'N(XN)are linearly independent.Fix (x1; : : : ; xN ) 2 RN and �nd � 2 L2 su
h that E[� jXn℄ = xn'n(Xn) for any n.The proje
tion PrG � 
an be represented asPn yn'n(Xn), and y1; : : : ; yN are determineduniquely due to the linear independen
e of '1(X1); : : : ; 'N(XN). We then havePrGn NXm=1 ym'm(Xm) = xn'n(Xn); n = 1; : : : ; N;whi
h means that � NXm=1 ym'm(Xm); 'n(Xn)� = xn; n = 1; : : : ; N;where h � ; � i denotes the L2-s
alar produ
t. This means that the ve
tors x = (x1; : : : ; xN)and y = (y1; : : : ; yN) are related by the equality Ay = x, where Anm = h'n(Xn); 'm(Xm)i.Using 
ondition (
), whi
h follows from (a), we 
an writehA�1x; xi1=2 = hy; Ayi1=2 = 



 NXn=1 yn'n(Xn)



 � k�k� C NXn=1 kxn'n(Xn)k = C NXn=1 jxnj � NChx; xi1=2;8



where the s
alar produ
t hx; yi for x; y 2 RN is de�ned as Pn xnyn. As the aboveinequality is true for any x 2 RN , we see that all the eigenvalues of the matrix A�1 donot ex
eed N2C2. Hen
e, all the eigenvalues of A are greater than or equal to N�2C�2.Finally, we get for any (x1; : : : ; xN )



 NXn=1 xn'n(Xn)



 = hx;Axi1=2 � N�1C�1hx; xi1=2� N�2C�1 NXn=1 jxnj = N�2C�1 NXn=1 kxn'n(Xn)k:(a))(
) It remains to prove that the solution has the form (3.1). For this, we notethat (a) implies (b), whi
h, in turn, implies that the sum E1 + � � �+EN is L2-
losed (weare using the same notation as above). Hen
e, E = E1 + � � �+EN . As shown above, anysolution of (1.3) belongs to E. The proof is 
ompleted. 2We will next provide examples illustrating situations when a solution does not exist.Example 3.4. (i) Let N = 2, P be 
on
entrated on the line fy = xg, and '1(x) = x,'2(x) = �x. Then 
learly there exists no solution of (1.3).(ii) This is a non-degenerate example. Let N = 2 and P = 12(P1 + P2), where P1 isthe standard Gaussian distribution and P2 is the delta-mass 
on
entrated at zero. Let'1(x) = I(x = 0), '2(x) = �I(x = 0). If there exists a solution ' of (1.2), thenPrGn ' = 'n(Xn), n = 1; 2, where Gn = fx'n(Xn) : x 2 Rg. But this is impossiblebe
ause '1(X1) = �'2(X2) P -a.s.(iii) This is an example of P having a density. Let �1; �2 be independent randomvariables, �1 having the density 12 expf�jxjg and �2 being standard Gaussian. Let �1 =�1 + �2, �2 = �1 � �2, and P = Law(�1; �2). The density of P is given byp(x1; x2) = 14p2� exp��jx1 + x2j2 � (x1 � x2)28 �:It is easy to see from this expression that, for any " > 0,P �jx1j > k; jx2j > k; jx2=x1 � 1j < " �� jx1j > k; jx2j > k� ���!k!1 1:Consider the fun
tions'k1(x) = 
kxI(jxj > k); 'k2(x) = �
kxI(jxj > k);where 
k are 
hosen so that k'kn(Xn)k = 1. Then k'k1(X1) + 'k2(X2)k ! 0. So, 
ondi-tion (b) of Theorem 3.2 is not satis�ed, whi
h means that, for some ('1; '2) 2 �, thereis no solution of (1.3) (a
tually, one 
an see that there is no solution for ('k1; 'k2) with kbeing large enough).This example shows that if P is \built" from measures with di�erent heaviness of thetail, then the solution might not exist. 2
9



4 Three Parti
ular CasesThroughout this se
tion, we assume that E'n(Xn) = 0 and E'2n(Xn) <1 for any n.4.1 Independent ComponentsSuppose that X1; : : : ; XN are independent under P . It is 
lear from Lemma 3.1 that thesolution of (1.3) is given by '(x1; : : : ; xN) = NXn=1 'n(xn):4.2 Gaussian DistributionSuppose that P is a Gaussian non-degenerate distribution. We will assume that EXn = 0and EX2n = 1. This will slightly simplify the formulas and is suÆ
ient for our appli
ations.Indeed, the main appli
ation we have in mind is the Gaussian 
opula (next subse
tion),and a non-degenerate Gaussian 
opula 
an always be transformed into su
h a distribution.Consider the Hermite polynomials Hm(x), m = 0; 1; 2; : : : . Re
all that one way tode�ne them is as follows:Hm(x) = 1pm! �m�am ����a=0expfax� a2=2g; x 2 R:As an example, H0(x) = 1;H1(x) = x;H2(x) = (x2 � 1)=p2;H3(x) = (x3 � 3x)=p6:Denoteanm = E['n(Xn)Hm(Xn)℄ = 1p2� ZR 'n(x)Hm(x)e�x2=2dx; n = 1; : : : ; N; m 2 N :(4.1)Denote by C the 
ovarian
e matrix of (X1; : : : ; XN) and let Cm denote its m-th 
ompo-nentwise power, i.e. Cmkn is the m-th power of Ckn. As follows from Lemma A.2, ea
h Cmis symmetri
, positively de�nite, and non-degenerate. Hen
e, for ea
h m 2 N , the ve
tor0B� �1m...�Nm 1CA = (Cm)�10B� a1m...aNm 1CA (4.2)is well de�ned.Theorem 4.1. The solution of (1.3) is given by the L2-
onvergent series'(x1; : : : ; xN ) = N;1Xn;m=1�nmHm(xn); xn 2 R: (4.3)10



Proof. Let us prove the L2-
onvergen
e of series (4.3). The matri
es Cm; m 2 N arenon-degenerate by Lemma A.2. As they 
onverge to the unit matrix, there exists � > 0su
h that kCmxk � �kxk; x 2 RN ; m 2 N ;where by k � k we denote the Eu
lidean norm. ThenN;1Xn;m=1�2nm � ��1 N;1Xn;m=1 a2nm � NXn=1 k'n(Xn)k2 <1:The se
ond inequality follows from the orthonormality of (Hm(Xn))1m=1 (whi
h is wellknown and follows, in parti
ular, from Lemma A.1). As kHm(Xn)k = 1, we get the 
laim.Let us prove that ' satis�es (1.2). Consider the spa
es En given by (3.2). Then(Hm(Xn))1m=1 forms an orthonormal basis in En. Employing Lemma A.1, we 
an writeE[' jXn℄ = PrEn ' = 1Xm=1h';Hm(Xn)iHm(Xn)= N;1Xk;m=1�kmhHm(Xk); Hm(Xn)iHm(Xn)= N;1Xk;m=1�kmCmknHm(Xn)= 1Xm=1 anmHm(Xn)= 'n(Xn); n = 1; : : : ; N:An appli
ation of Lemma 3.1 
ompletes the proof. 2As is well known, the Hermite polynomials are the result of orthogonalizationof the system of polynomials with respe
t to the Gaussian measure. Therefore,E[XMn Hm(Xn)℄ = 0 for m > M . Consequently, if ea
h 'n is a polynomial of degree M ,then anm = 0 for m > M . Thus, we getCorollary 4.2. (i) Suppose that'n(x) = anx; n = 1; : : : ; N:Set � = C�1a, where a = (a1; : : : ; aN) (we are 
onsidering all ve
tors as 
olumn-ve
tors).Then the solution of (1.3) is given by'(x1; : : : ; xN) = NXk=1 �nxn:(ii) Suppose that 'n(x) = an(x2 � 1); n = 1; : : : ; N:11



Set � = (C2)�1a, where C2 is the 
omponentwise square of C. Then the solution of (1.3)is given by '(x1; : : : ; xN ) = NXn=1 �n(x2n � 1):(iii) Suppose that ea
h 'n is a polynomial of degree M . Then the solution of (1.3) isgiven by (4.3) with the summation in m going up to M .Let us remark that the solution provided by Corollary 4.2 (i) has the same form as thefun
tion des
ribed in Subse
tion 2.1. In other words, if P is Gaussian and 'n are linear,our methodology provides the linear regression estimate of R given X1; : : : ; XN .4.3 Gaussian CopulaSuppose that P is a non-degenerate Gaussian 
opula, i.e. there exists a non-degenerateGaussian ve
tor ( eX1; : : : ; eXN) and in
reasing fun
tions fn : R ! R su
h that P =Law(f1( eX1); : : : ; fN( eXN)). We 
an arrange fn and eXn in su
h a way that E eXn = 0and E eX2n = 1 for any n.Denote eP = Law( eX1; : : : ; eXN) and e'n = 'n Æ fn. Let e' be the solution of the problembased on eP and (e'n), whi
h was provided in the previous subse
tion. Then, 
learly, thefun
tion '(x1; : : : ; xN) = e'(f�11 (x1); : : : ; f�1N (xN )); (4.4)where f�1n is the right-
ontinuous inverse of fn, satis�es (1.2). As e' is the sum of fun
tionsof one variable, the same is true for '. By Lemma 3.1, ' is the solution of (1.3).To sum up, the pro
edure for solving (1.3) 
onsists of the following steps:1. Estimate from the data the distribution P = Law(X1; : : : ; XN) (assumed here tobe a Gaussian 
opula) and the 
onditional expe
tations 'n(x) = E[R jXn = x℄.2. Find the fun
tions fn su
h that P = Law(f1( eX1); : : : ; fN( eXN )), where ( eX1; : : : ; eXN)is Gaussian with E eXn = 0 and E eX2n = 1.3. Fix a number M 2 N (for example, 30) and �nd the 
oeÆ
ients (anm;n =1; : : : ; N; m = 1; : : : ;M) given by (4.1) with Xn repla
ed by eXn and 'n repla
edby e'n = 'n Æ fn.4. Find the values (�nm;n = 1; : : : ; N; m = 1; : : : ;M) by solving linear systems (4.2)for m = 1; : : : ;M , where C is the 
ovarian
e matrix of ( eX1; : : : ; eXN).5. De�ne the fun
tion e' by (4.3) and �nd the fun
tion ' given by (4.4). This is thedesired solution.5 Multidimensional Fa
torsIn this se
tion, we 
onsider problem (1.3) for multidimensional Xn, i.e. we suppose thatXn = (X1n; : : : ; XdNN ) is a random ve
tor (the dimensions dn are di�erent for di�erent n).The pra
ti
al motivation 
omes from the fa
t that some fa
tors, like the pri
e of oil,are inherently one-dimensional, while some others, like di�erent parts of the yield 
urve,are inherently multidimensional. Considerations of Se
tion 3 as well as Subse
tions 4.1and 4.3 admit a straightforward extension to multidimensional Xn. This is not the 
asefor Subse
tion 4.2, and the present se
tion will deal with the 
orresponding extension.12



Thus, we assume that the ve
tor (X in : n = 1; : : : ; N; i = 1; : : : ; dn) is Gaussian andnon-degenerate, while ea
h 'n : Rdn ! R satis�es E'n(Xn) = 0 and E'2n(Xn) <1.5.1 Two Fa
torsWe �rst 
onsider the 
ase N = 2. Without loss of generality, d1 � d2. We 
an representea
h Xn as AnYn, where An is a non-degenerate dn � dn matrix and Yn has a standardGaussian distribution in Rdn , i.e. 
ov(Y in; Y jn ) = I(i = j). Let C denote the 
ovarian
ematrix between Y1 and Y2, i.e. Cij = 
ov(Y i1 ; Y j2 ). A

ording to the singular valuede
omposition (SVD), there exist a d1 � d1 unitary matrix U1 and a d2 � d2 unitarymatrix U2 su
h that C = U1DU t2 (\t" denotes the transpose) with a d1 � d2 diagonalmatrix D, i.e. Dij = 0 for i 6= j. SVD is a standard numeri
al tool (see [5℄), andpro
edures for �nding U1; U2 are implemented in most of mathemati
al pa
kages, likeMATLAB. Thus, Yn 
an be represented as Yn = UnZn (we are 
onsidering all randomve
tors as 
olumn-ve
tors), where Z1 = (Z11 ; : : : ; Zd11 ), Z2 = (Z12 ; : : : ; Zd22 ) are jointlyGaussian ve
tors with 
ov(Zi1; Zj2) = 0 for i 6= j. As Un is unitary and Yn has a standardGaussian distribution, the same is true for Zn. As a result, we 
an represent Xn as BnZnwith Bn = AnUn.Denote by Mn the spa
e of nonzero multiindi
es of length dn, i.e. Mn 
onsists of
olle
tions (m(1); : : : ; m(dN)), where m(i) take the values 0; 1; 2; : : : and at least one ofm(i) is greater than zero. For m 2 Mn, we 
onsider the 
orresponding multidimensionalHermite polynomial�Hm�z1; : : : ; zdn� = Hm(1)�z1� � � � � �Hm(dn)�zdn�; �z1; : : : ; zdn� 2 Rdn :Consider the fun
tions e'n(z) = 'n(Bnz) and setanm = he'n(Zn); �Hm(Zn)i; n = 1; 2; m 2Mn:There exists a natural in
lusion of M2 in M1; we will informally write M2 � M1. Form 2M2, we will denote �m = (�1)m(1) � � � � � (�d2)m(d2);where �i = 
ov(Zi1; Zi2). For m 2M2, set�1m = a1m � �ma2m1� (�m)2 ; �2m = a2m � �ma1m1� (�m)2 :For m 2M1 nM2, we set �1m = a1m. Consider the fun
tione'(z1; z2) = Xm2M1 �1m �Hm(z1) + Xm2M2 �2m �Hm(z2); z1 2 Rd1 ; z2 2 Rd2and let '(x1; x2) = e'(B�11 x1; B�12 x2).Let us prove that ' is the desired solution of (1.3). To verify the L2-
onvergen
e of theabove series, note that the ve
tor (Z1; Z2) is non-degenerate, and therefore, there exists� < 1 su
h that j�ij � � for any i = 1; : : : ; d2. Then j�mj � � for any m 2 M2, whi
himplies that j�nmj � (1��2)�1(ja1mj+ ja2mj) for m 2M2. As the system ( �Hm(Xn))m2Mnis orthonormal, we get Pm2Mn a2nm <1, and hen
e, Pm2Mn �2nm <1.13



Clearly, k �Hm(Zn)k = 1 for any m 2Mn andhHm1(Z1); Hm2(Z2)i = (0 if m1 6= m2;�m2 if m1 = m2;where the equality m1 = m2 means that m1(i) = m2(i) for i � d2 and m1(i) = 0 fori > d2. For m 2M1 nM2, we havehe'(Z1; Z2); �Hm(Z1)i = �1m = a1m = he'1(Z1); �Hm(Z1)i:For m 2M2, we havehe'(Z1; Z2); �Hm(Z1)i = �1m + �2m�m = a1m = he'1(Z1); �Hm(Z1)i:As the system ( �Hm(Z1))m2M1 forms an orthonormal basis in the spa
e E1 of Z1-measurablesquare integrable random variables with zero mean (see [7; Ch. II, x 2℄), we see thatPrE1 e'(Z1; Z2) = e'1(Z1). In other words, E[e'(Z1; Z2) jZ1℄ = e'1(Z1), whi
h means thatE['(X1; X2) jX1℄ = '1(X1). In the same way, we prove that E['(X1; X2) jX2℄ = '2(X2).Now, the multidimensional analog of Lemma 3.1 guarantees that ' is the desired solution.5.2 Multiple Fa
torsConsider now an arbitrary N . The solution of (1.3) will be 
onstru
ted in a sequen
e ofsteps. Without loss of generality, d1 � � � � � dN .Step 1. Applying the above des
ribed pro
edure to eX1 = X1, eX2 = X2, e'1 = '1, ande'2 = ', we get a fun
tion '12 : Rd1+d2 ! R su
h thatE['12(X1; X2) jXn℄ = 'n(Xn); n = 1; 2:Step 2. Applying the above des
ribed pro
edure to eX1 = (X1; X2), eX2 = X3, e'1 = '12,and e'2 = '3, we get a fun
tion '123 : Rd1+d2+d3 ! R su
h thatE['123(X1; X2; X3) jX1; X2℄ = '12(X1; X2);E['123(X1; X2; X3) jX3℄ = '3(X3):The �rst equality implies thatE['123(X1; X2; X3) jXn℄ = E['12(X1; X2) jXn℄ = 'n(Xn); n = 1; 2:Pro
eeding in the same way, we will 
onstru
t the desired solution at the (N � 1)-ststep.6 Three Types of RiskThe risk of a portfolio 
an be de
omposed into a sum of systemati
 and idiosyn
rati
risk. The results of this paper allow us to de
ompose further the systemati
 risk into two
omponents. This is the topi
 of the present se
tion.14



Let R;X1; : : : ; XN be random variables with ER2 <1. DenoteP = Law(X1; : : : ; XN);'n(x) = E[R jXn = x℄; (x1; : : : ; xN) = E[R jX1 = x1; : : : ; XN = xN ℄:Suppose that there exists a solution ' of (1.3) (
learly, it is unique up to P -indistinguishability). Consider the de
ompositionR = R1 +R2 +R3; (6.1)where R1 = '(X1; : : : ; XN);R2 =  (X1; : : : ; XN)� '(X1; : : : ; XN);R3 = R�  (X1; : : : ; XN):Proposition 6.1. The random variables R1; R2; R3 are un
orrelated.Proof. Without loss of generality, ER = 0. Let En be given by (3.2) and E denote theL2-
losure of E1+ � � �+EN . The random variable PrE R is (X1; : : : ; XN)-measurable andhen
e, it 
an be written as e'(X1; : : : ; XN). We havePrEn e'(X1; : : : ; XN) = PrEn R = 'n(Xn):This means that e' satis�es (1.2). Furthermore, ke'(X1; : : : ; XN)k � k'(X1; : : : ; XN)k,and the equality is possible only if e' = ' P -a.s. As a result,'(X1; : : : ; XN) = PrE R:Consider now the spa
eL = f� 2 L2 : � is (X1; : : : ; XN)-measurable, E� = 0g:Then  (X1; : : : ; XN) = PrLR;so that R1 = PrE R; R2 = PrLR� PrE R; R3 = R � PrLR:As E � L, we get the desired 
laim. 2De
omposition (6.1) might be interpreted as the de
omposition of the risk of R intothree 
omponents. As seen from Theorem 3.2, the 
omponent R1 is typi
ally a sum ofmonomials, i.e. fun
tions of single random variables Xn. We 
an say that it 
orrespondsto the monomial risk. The 
omponent R2 
aptures the non-linearity of  
oming fromnon-monomial terms, su
h as XkXn. We might say that it 
orresponds to the 
ross-termrisk. Finally, R3 a

ounts for the the idiosyn
rati
 risk. Thus, the above de
ompositionof R might be interpreted as:Risk = Monomial risk + Cross-term risk + Idiosyn
rati
 risk:In these terms, the topi
 of this paper is re
overing the monomial risk.15



7 Con
lusionWe 
onsider the problem of estimating the risk of a portfolio with s
ar
e observations,for example, the returns of a hedge fund. We assume that from the data one 
an derivethe joint laws of the portfolio's return and ea
h of the fa
tors, as well as the joint law ofall the fa
tors. The problem under 
onsideration is re
overing the 
onditional mean ofthe return given all the fa
tors. This problem also admits a statisti
al interpretation ofre
overing the non-linear multidimensional regression fun
tion from the one-dimensionalregression fun
tions. It also admits an interpretation of assessing the risk of a portfoliofrom one-dimensional non-linear fa
tor risks.This problem admits multiple solutions. In order to get a single one, we are looking forthe \most moderate one" in the sense that it has the minimal varian
e. In this formulation,the solution would typi
ally exist, be unique, and possess a number of ni
e features likelinearity (i.e. the solution 
orresponding to the sum of portfolios is the sum of solutions)and 
ontinuity (stability under misspe
i�
ation of the data). Moreover, it has the form ofa sum of fun
tions of single fa
tors. This result admits an interpretation of de
omposingthe portfolio's risk in three 
omponents: the risk 
oming from sums of non-linear fun
tionsof single fa
tors, the risk 
oming from the 
ross-terms, and the idiosyn
rati
 risk.We have provided an expli
it form of the solution of the above problem for the pra
-ti
ally important 
ase when the joint law of fa
tors is a Gaussian 
opula. This 
ase isimmediately redu
ed to the Gaussian one. In the latter 
ase, we provide a solution, whosepra
ti
al 
al
ulation 
onsists in �nding several integrals of one-dimensional fun
tions andsolving several N -dimensional linear systems, where N is the number of fa
tors (the ex-pli
it pro
edure is des
ribed in Subse
tion 4.3). Thus, our solution is easily implementableand pra
ti
ally meaningful be
ause the Gaussian 
opula is a very popular model for thejoint distribution of fa
tors in the modern risk measurement.AppendixFor the 
ompleteness of exposition, we give here the proofs of some known fa
ts fromprobability and linear algebra.Lemma A.1. Let X; Y be a jointly Gaussian ve
tor with EX = EY = 0, EX2 =EY 2 = 1, and E[XY ℄ = �. ThenhHm(X); Hk(Y )i = (0 if m 6= k;�m if m = k:Proof. Write down the Taylor expansionexpfax� a2=2g = 1Xm=0Hm(x)amm! ; a; x 2 R:Then E[expfaX � a2=2g expfbY � b2=2g℄ = 1Xm;k=0E[Hm(X)Hk(Y )℄ambkm!k! ; a; b 2 R:16



On the other hand,E[expfaX � a2=2g expfbY � b2=2g℄ = E expfaX + bY � (a2 + 2�ab + b2)=2 + �abg= expf�abg = 1Xm=0 �mambmm! ; a; b 2 R:Equating the 
oeÆ
ients in the two series, we get the result. 2The next result goes ba
k to Ja
obi.Lemma A.2. Let A;B be two symmetri
 positive de�nite non-degenerate N-dimensional matri
es. Then their 
omponentwise produ
t (AnkBnk)Nn;k=1 has the sameproperties.Proof. Consider independent N -dimensional Gaussian ve
tors X; Y with mean zeroand 
ovarian
e matri
es A;B, respe
tively. Then the 
ovarian
e matrix of the ve
tor(X1Y1; : : : ; XNYN) is exa
tly the 
omponentwise produ
t of A and B. Thus, the matrixis positively de�nite. To show its non-degenera
y, assume that there exists a ve
tor(a1; : : : ; aN) su
h that Pn anXnYn = 0. We 
an �nd an equivalent measure Q, underwhi
h X; Y remain independent and have independent 
omponents. Then the aboveequality holds Q-a.s., whi
h implies that ea
h anXnYn is degenerate under Q and hen
e,under the original measure. As E[XnYn℄ = 0, we get anXnYn = 0, i.e. an = 0. 2
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