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1 Introduction

1. Financial problem. Suppose that we want to measure the risk of a hedge fund. The
returns of hedge funds are reported monthly, so we are measuring the risk of a monthly
return. The simplest way of doing that would be to take just the empirical distribution.
However, a more advanced procedure would consist in: first, relating the return of the
hedge fund to the values of certain financial factors, like the price of oil or the S&P 500
index; second, estimating the joint distribution of factors by a certain time series model.
This would yield the distribution of the future return.

In this paper, we will deal with the first problem. Fix a time period [0,T]. Let R
denote the return of the hedge fund over this period and let X, ..., Xy be the increments
of the factors over this period (nothing will change if instead we consider their values at
time T'). Alternatively, R might be the return or the Profit&Loss of an arbitrary portfolio
over [0,7]. The problem is then to estimate the conditional distribution

LaW(R|X1:IE1,...,XN:IN). (].].)

If the joint law of Xi,..., Xy is known (which is reasonable since otherwise the whole
methodology makes no sense), then the above problem is equivalent to estimating the
joint law of R, Xy, ..., Xx. This is the point when the major problem arises.

The variable R has scarce observations. If, for example, the hedge fund has a two-
year history, then we would have two dozens observations of R. This is sufficient to
estimate the distribution of R and might also be sufficient to estimate the joint distribu-
tions Law (R, X,,). However, this data is insufficient to estimate the triple distributions
Law(R, X,,, X;») and is totally insufficient to estimate Law(R, X1,..., Xy) as in modern
risks measurement schemes N is of order of several hundreds. So, the problem we are
faced with is to recover Law(R, X1, ..., Xy) from the knowledge of Law (X1, ..., Xy) and
Law(R, X,), n=1,...,N.

2. Mathematical formulations. In this paper, instead of trying to recover the
whole conditional distribution (1.1), we will recover only the conditional expectation
E[R| X, = z1,..., Xy = x,]. For this, we will need only the conditional expectations
E[R| X,, = x] instead of the distributions Law(R, X,,).

The strict mathematical formulation is as follows. We are given a measure P on RV
(this is the law of Xj,..., Xy) and the functions ¢, : R — R (¢,(z) means E[R |
X, = z]). We want to find a function ¢ : RY — R (¢(zy,...,2x5) has the meaning
E[R|X1 = T1y... ,XN = In]) such that

Elp(X1,..., Xy) | Xo] = ¢u(Xy), n=1,....N, (1.2)

where X,, denotes the n-th coordinate projection of R¥ on R.

A reformulation of (1.2) is: to recover a function ¢ : R¥ — R by knowing its inte-
grals over all the hyperplanes orthogonal to each of the coordinate axes. This problem
is somehow similar to recovering a function from its Radon transform (which means the
knowledge of the integrals over all the one-dimensional lines in R"). However, there exists
a crucial difference between the two problems: knowing the Radon transform is sufficient
to recover the function, while knowing integrals over hyperplanes orthogonal to coordinate
axes is far from being sufficient. As an example, consider the situation where P is concen-
trated on a lattice {ay,...,ay}". Then we have M” unknown parameters, while (1.2)
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provides us only with N M equations. One more example, if X;, X, are independent stan-
dard Gaussian and (1, x2) = 2129, then E[p(X1, X3) | X,,] = 0, so that adding ¢ to any
solution of (1.2) provides another solution.

Thus, there is no hope to get a unique solution of (1.2) in any reasonable model. On
the other hand, for the practical applications, one definitely needs to choose a unique
solution. So, one has to impose additional conditions on the unknown function ¢ that
would guarantee the uniqueness of a solution (at least, in reasonable models) and would
also allow for an efficient procedure of calculating the solution. In this paper, we propose
to look for the solution, which is “the most moderate one” as measured by its variance.
In other words, we will consider the problem

{Minimize Var p(X7y,..., Xy) subject to (13)

Elp(Xy, ..., XN) | X0l =0n(Xn), n=1,...,N,
where Var denotes the variance.

3. Solution. We first consider (1.3) in complete generality, i.e. for an arbitrary
measure P. A necessary condition for the existence of a solution is that all ¢, (X,) have
the same expectation. We will impose this condition and assume without loss of generality
that this expectation is zero. The result we prove shows that in typical cases the solution
exists, is unique, and has the form

N

o(x1,...,TN) = an(xn)

n=1

with some functions ¢, : R — R. In order to get explicit expressions for ¢,,, we are then
considering three particular cases (each corresponding to a quite wide class of measures P).

Our first example is the case when Xi,..., Xy are independent. In this case the
solution of (1.3) has the form

o(x1,...,TNn) = Z(pn(xn)

However, this example is of theoretical interest only as in practice the factors are always
dependent.

The second particular case corresponds to the Gaussian P. Then the solution of (1.3)
is provided by

N,00
p(z1,... aN) = Z g H i (),

n,m=1

where H,, are Hermite polynomials and «,, are found through solving certain N-
dimensional linear systems (if in a practical calculation one cuts off the above summation
in m at some M € N, then one has to solve M such linear systems).

Finally, we consider the case when P is a Gaussian copula. Mathematically, this is
trivial because the problem is immediately reduced to the Gaussian case. Practically, this
is very useful as Gaussian copulas are probably the most popular class of models for the
joint distribution of risk factors.
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4. Structure of the paper. In Section 2, we describe some other interpretations of
the problem under consideration. In Section 3, problem (1.3) is studied for a general P.
Three particular situations described above are considered in Section 4. Section 5 deals
with the extension for multidimensional factors. In Section 6, we provide an application
of our results to decomposing the risk of a portfolio into three components. Section 7
concludes.

2 Problem Interpretations

As described above, the problem under consideration comes from measuring the risk of
portfolios with scarce observations. It admits also other statistical and financial interpre-
tations, which are described in this section. The reader interested only in the solution of
the above problem can skip this section.

2.1 Linear and Non-Linear Regression

Let R, Xy,..., Xx be square integrable random variables with mean zero. For the con-
venience of presentation, we also assume that EX? = 1. The problem of linear regression
of R on X,, is

E(R—aX)? — min, a€R

The solution is given by a, = ERX,. The problem of linear regression of R on
Xl; ceey XN is

N 2
E<R—Zaan> — min, «ai,...,ay € R.
n=1

The solution is given by

(6] ERX1 ay
: —C! : —C! :
an ERXN an
where C' is the covariance matrix of Xq,..., Xy. Thus, the solution of the multidimen-

sional regression problem can be recovered from the solutions of the one-dimensional
problems if Law(X7, ..., Xy) is known.
The non-linear regression of R on X, is the problem

E(R— ¢(X,))? — min, ¢:R—=R

whose solution is ¢, (z) = E[R| X,, = z]. The non-linear regression of R on Xy,..., Xy is
the problem
E(R— o(Xy,...,Xy))> — min, ¢:RY =R

whose solution is ¢(xy,...,zx) = E[R| X; = 21,..., Xy = xy]. Thus, the problem we are
considering in this paper might be seen as the problem of recovering the multidimensional
non-linear regression function from one-dimensional regression functions.



2.2 Factor Risks

Along with the problem of measuring the risk of a portfolio, an important problem is
to measure separately the risks brought by each of the economic factors affecting the
portfolio’s return. This is important to understand which factors affect the risk most and
is also useful if large moves of some factors are expected.

The following notion of factor risk was introduced independently in industry by the
RiskData company and in the literature by Cherny and Madan [1]. The aim of this
notion, as opposed to the sensitivity coefficients, is to take into account the non-linear
dependence of the portfolio’s return on the values of the factors. Let p be a risk measure
(for example, the standard deviation, Value at Risk, or a coherent risk measure), R be the
return or the Profit&Loss of a portfolio over a unit time period, and X be the increment
of a factor over this period. The factor risk of R brought by X is

p! (R; X) := p(E[R| X)) = p(¢(X)),

where ¢(x) = E[R| X = z]. The intuitive meaning of this definition is as follows: R is
represented as R' + R?, where R' = E[R|X] means the uncertainty in R brought by the
factor X (recall that this is the projection of R on the space of X-measurable random
variables), while R? = R — R means the uncertainty in R brought by other factors.

In particular, if p is a coherent risk measure, i.e.

p(R) = — inf E[ZR)],

zZeD

where D is some set of random variables with Z > 0, EZ =1, then

P/ (B X) = — inf E[ZE[R|X]] = — inf E[E[Z| X]E[R|X]] = — inf E[ZR],

Z€E[D|X]

where E[D| X,,] = {E[Z| X]: Z € D]}. Thus, the map R — p/(R; X) is again a coherent
risk measure.

It might seem that if we take all the relevant factors into account, i.e. R is measurable
with respect to Xi,..., Xy, then the overall risk is dominated (or at least “controlled”)
by the sum of the factor risks. However, this is not true if the factors are dependent, which
is the case in practice. To illustrate this effect, consider a simple example. Let X, X5 be
Gaussian random variables with EX,, = 0, EX? = 1, and corr(X, X3) = —1 + &, where
¢ is a small number. Consider R = ¢ ' (X + X3). As R is centered Gaussian, then, for
any reasonable risk measure, p(R) should be proportional to the standard deviation of R,
which is of order e /2. On the other hand, p/ (R; X,,) is proportional to the standard
deviation of E[R | X,], which is of order 1. In other words, the factor risks do not
necessarily “control” the overall risk.

The problem we are considering in this paper might be seen as the problem of joining
factor risks together in such a way that this procedure would provide a right assessment
of the overall risk of the portfolio. O

2.3 Hedge Fund Replication

The problem of hedge fund replication consists in approximating the return R of a hedge
fund by a function of factor increments Xi,...,Xy. A popular way to do that is to



consider a linear function ) ,X,; see [2], [6]. However, as stressed in [3], [4], often the
dependence of R on X, is clearly non-linear.

The problem of this paper might be seen as finding the best non-linear approximation
of Rby Xy,..., Xy, through knowing the best non-linear approximations of R by each X,,.

3 General Setup
In this section, we will study problem (1.3) for an arbitrary measure P. Let us set
®={(p1,...,0n) : EQ2(X,) < o0 and Ep,(X,) =0 Vn=1,...,N}.

We will denote by || - || the L?-norm and by Prg the orthogonal projection on a space E.
We begin with a useful lemma, which sheds light on the structure of solutions.

Lemma 3.1. Let (¢,) € ®. Suppose that ¢, : R — R are measurable functions with
Ey2(X,) < oo such that the function

N

o(x1, ..., TN) 221/)”(:1:”) (3.1)

n=1

satisfies (1.2). Then it is the unique solution of (1.3).
Proof. Let ¢ be a function satisfying (1.2). Denote
E, = {¢ € L? : £ is X,,-measurable, E¢ = 0}, (3.2)

where L? = L2(RY, P) is the space of square integrable random variables. Then Prp, ¢ =
©on(X,) = Prg, ¢, where ¢ and @ are considered as random variables on (RY, P). As
@ € E1 +---+ Ey (this is the space of sums & + - - - + &y, where &, € E,,), we get that
© — ¢ is orthogonal to ¢. This implies that ||@]| > [|¢]|, and the equality is possible only
if p = ¢ P-a.s. O

The next theorem provides a condition on P ensuring the existence of a solution for any
(pn) € ®. Tt also shows that in this case the solution enjoys a number of nice properties.

Theorem 3.2. The following conditions are equivalent:

(a) For any (pn) € ®, there exists a solution of (1.2).
(b) (Lower ellipticity) There exists a constant ¢ > 0 such that, for any (pn) € @,

Z SOH(XH)

If the above conditions are satisfied, then

N
> llen(Xa)ll-
n=1

(c) (Existence, uniqueness, and form of solution) For any (¢,) € ®, there exists a
unique solution of (1.3), and it has the form (3.1) with some (¢,) € ®.

(d) (Linearity) If ¢ (resp., ¢') is a solution of (1.3) corresponding to (¢,) € P, (resp.,
(¢h) € @), then the solution corresponding to (v, + o' ¢l) is ap + o' ¢'.
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(e) (Continuity) There exists a constant C' > 0 such that, for any (p,) € @,

N
(X1, X <O llen(Xa)l,
n=1

where ¢ is the solution of (1.3) corresponding to (¢y).

The financial meaning of the linearity is as follows. If R denotes the return of a
portfolio, then the solution corresponding to a weighted average of several portfolios is
the weighted average of solutions. If R denotes the Profit&Loss of a portfolio, then the
solution corresponding to a sum of portfolios is the sum of solutions. This property is
very convenient in constructing an optimal portfolio of hedge funds, i.e. the fund of funds
problem.

The financial meaning of the continuity is that the solution is stable under small
misspecifications of the distributions Law (R, X,) (assuming a fixed Law(Xy,..., Xy)).

First, we will prove an auxiliary lemma.

Lemma 3.3. Let Hy,..., Hy be closed linear subspaces of a Hilbert space H. Suppose
that there exists a constant ¢ > 0 such that, for any x, € H,,

N

>

n=1

N

> ey el
n=1

Then, for any v1 € Hy,...,xny € Hy, there exist y; € Hy,...,yn € Hy such that
Pry, >, Ym =z, for any n.

Proof. We will prove this statement by the induction in N. Let N = 2. Consider the
sequence (zx) € H defined by: z; =z,

B 2 + xo — Pry, 2z, if K is odd,
k+1 — . .
2k + 1 — Pry, 2z if k is even.

Denote 0, = 2 — zx_;. Then

{— Pry, ey if k is odd,
5y =

—Pry, 0y if k is even.

It is easy to see that there exists v < 1 such that || Pry, z|| < 7||z|| for any z € Hy (indeed,
otherwise we can find (u,) € Hy with || Pry, u,||/||u.|| — 1; then ||u, — Pra, ual|/(||unl| +
| Pry, u,l|) — 0, which is a contradiction). Clearly, we can choose v < 1 such that we
will also have || Pry, z|| < v||z|| for any z € Hy. Then ||0|| < v||0k—1||. This means that
(2) has a limit (24). As 0 € Hy for odd k and &y € Hy for even k, we see that z,, is
represented as y; + yo with y, € H,. It is clear that y,, y» satisfy the desired condition.

_ Suppose now that the statement is true for N — 1 and let us prove it for N. Denote
Hy=H,+---+ Hy 1, Hy = Hy. Then the pair (H;, H,) satisfies the conditions of the
lemma. So, for the pair 71 = x1 + -+ -+ xny_1, T2 = Ty, there exist y; € ﬁl and 1, € fIQ
such that Plrg,1 (1 +y2) = 71 and Prg2@1 + 1) = To. We have Ty = y; + -+ - + yn_; with
Yn € Hy,. Then the collection yy, ..., yn_1, Yo satisfies the desired conditions. O
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Proof of Theorem 3.2. (b)=-(a) This implication follows from the above lemma.

(a)=(c) Denote by E the L?-closure of E; + ---+ Ey, where E, are given by (3.2).
Let ¢ be a solution of (1.2) corresponding to (p,). It is easy to see that the set of all
solutions of (1.2) consists of the functions ¢ such that ¢ — ¢ is orthogonal to each E,,. In
other words, the set of all solutions is ¢ + E+, where E* is the orthogonal complement
to E. Now, it is clear that the solution of (1.3) exists, is unique, and is given by Prg .

We will prove the representation of the solution later.

(a)=(d) This property easily follows from the description of the solution provided
above.

(a)=(e) Consider the space F' =[], E, (i.e. F consists of collections (&,...,&n)),

where E, are given by (3.2), endowed with the norm ||(&1,...,&v) || = (3, 16112)"”
E be the same as above. Then the map

EB&I—)(PI‘Elg,...,PI‘Eng)GF

is continuous (E is denoted with the L2-norm), one-to-one (if £,&' € E have the same
projections on each E,, then & — &' should be orthogonal to E, which is possible only if
¢ =¢'), and onto (due to (a)). Both F and F are Banach spaces. By the Banach theorem,
the inverse map is continuous. This is just what we need.

(a)=(b) Fix (¢,) € ® with ||¢,(X,)|]| = 1. Denote G, = {z¢,(X,) : * € R},
G ={>, tnpn(Xn) : v, € R}. Then, for any (z1,...,zy) € RV, there exists £ € L? such
that Prg, & = x,0,(X,,) for any n. The same will be true for Prg € instead of €. So, for
any (z1,...,zy) € RV, we can find £ € G such that Prg, £ = z,0,(X,,) for any n. The
random variables £ corresponding to different collections (z1, ..., xy) should be different
because ||¢,(X,)|| = 1. This implies that G has dimension N, i.e. ¢1(Xy),...,on(Xn)
are linearly independent.

Fix (71,...,zx) € RY and find € € L? such that E[¢ | X,,] = 7,0,(X,,) for any n.
The projection Pr¢ € can be represented as Y, yn¢n(Xy), and yi, ..., yy are determined
uniquely due to the linear independence of ¢ (X)), ..., pn(Xx). We then have

Pan ZmeOm(Xm) :QTnSOn(Xn), n = ].,...,N,

which means that

N
<Zym90m(Xm)190n(Xn)> =2, n=1,...,N,
m=1

where (-, -} denotes the L?-scalar product. This means that the vectors x = (z1,...,7y)
and y = (y1,...,yn) are related by the equality Ay = x, where A, = (0n(X0n), 0m(Xm))-
Using condition (c), which follows from (a), we can write

(A7l 2) V2 = (y, Ay)'? = < ll¢ll

< CZ |znon (Xn) || = CZ |20 < NC(z,z)'/?,
n=1 n=1



where the scalar product (z,y) for z,y € RY is defined as Y z,y,. As the above
inequality is true for any x € RV, we see that all the eigenvalues of the matrix A=! do
not exceed N2C?2. Hence, all the eigenvalues of A are greater than or equal to N=2C~2.
Finally, we get for any (xy,...,zy)

N
ancpn(Xn) = (2, Az)'/2 > N71C Yz, 2)Y/?
n=1

N N
> N207Y aa = N2070) . |z (X))
n=1 n=1

(a)=(c) It remains to prove that the solution has the form (3.1). For this, we note
that (a) implies (b), which, in turn, implies that the sum E; + -+ Ey is L?-closed (we
are using the same notation as above). Hence, E = F; + ---+ Ey. As shown above, any
solution of (1.3) belongs to E. The proof is completed. O

We will next provide examples illustrating situations when a solution does not exist.

Example 3.4. (i) Let N =2, P be concentrated on the line {y = z}, and ¢4 (z) = z,
@o(x) = —x. Then clearly there exists no solution of (1.3).

(ii) This is a non-degenerate example. Let N = 2 and P = (P, + P,), where P is
the standard Gaussian distribution and P, is the delta-mass concentrated at zero. Let
p1(x) = I(x = 0), po(x) = —I(x = 0). If there exists a solution ¢ of (1.2), then
Pre, ¢ = vu(X,), n = 1,2, where G,, = {zp,(X,) : * € R}. But this is impossible
because p1(X1) = —p2(Xs) P-a.s.

(iii) This is an example of P having a density. Let &,& be independent random
variables, £; having the density 5 exp{—|z|} and & being standard Gaussian. Let 1 =
& + &y mo =& — &, and P = Law(n;,7m2). The density of P is given by

p(x x ) = ! exp{ |x1 T x2| (xl — x2)2}
1y42) — - - -
4N/ 27 2 8

It is easy to see from this expression that, for any £ > 0,

P(lzi] > k, |22] > k, |z2/21 — 1| <e||z1| > k, |z2| > k) — 1.
—00

Consider the functions
or(x) = el (|| > k), () = —cpxl(|z] > k),

where ¢, are chosen so that ||oF(X,)|| = 1. Then [|o¥(X;) + ©5(X5)|| — 0. So, condi-
tion (b) of Theorem 3.2 is not satisfied, which means that, for some (1, ¢2) € ®, there
is no solution of (1.3) (actually, one can see that there is no solution for (¥, %) with k
being large enough).

This example shows that if P is “built” from measures with different heaviness of the
tail, then the solution might not exist. O



4 Three Particular Cases

Throughout this section, we assume that Eg,(X,) = 0 and E¢?(X,,) < oo for any n.

4.1 Independent Components

Suppose that Xi,..., Xy are independent under P. It is clear from Lemma 3.1 that the
solution of (1.3) is given by

o(xy,...,xN) = Zcpn(xn)

4.2 Gaussian Distribution

Suppose that P is a Gaussian non-degenerate distribution. We will assume that EX,, =0
and EX? = 1. This will slightly simplify the formulas and is sufficient for our applications.
Indeed, the main application we have in mind is the Gaussian copula (next subsection),
and a non-degenerate GGaussian copula can always be transformed into such a distribution.

Consider the Hermite polynomials H,,(z), m = 0,1,2,.... Recall that one way to
define them is as follows:

H,(r) = ————| expl{ax —d*/2}, z€R

As an example,

Ho(l') = ]_,
H(z) ==,
Hy(z) = (+* = 1)/V2,
Hs(z) = (2* — 32)/V6
Denote
1 2
nm = Elon (X)) Hp (X)) = — w(T)Hp(2)e™ ?dz, n=1,...,N, meN.
[en(X) (X)) = = [ a(a)Hn()
(4.1)
Denote by C' the covariance matrix of (X1,..., Xy) and let C™ denote its m-th compo-

nentwise power, i.e. C} is the m-th power of C,. As follows from Lemma A.2, each C™
is symmetric, positively definite, and non-degenerate. Hence, for each m € N, the vector

Q1m Q1m
— | (4.2)
ANm AGNm
is well defined.
Theorem 4.1. The solution of (1.3) is given by the L*-convergent series

N,00
p(r1,. . an) = Y CumHu(r,), o, €R (4.3)

n,m=1
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Proof. Let us prove the L?-convergence of series (4.3). The matrices C™, m € N are
non-degenerate by Lemma A.2. As they converge to the unit matrix, there exists u > 0
such that

IC™]| > pllzll, = €RY, meN,

where by || - || we denote the Euclidean norm. Then
N,00 N,00
ag,<ut ) al <Z||<pn I? <
n,m=1 n,m=1

The second inequality follows from the orthonormality of (H,,(X,))%_, (which is well

m=1
known and follows, in particular, from Lemma A.1). As ||H,,(X,)|| = 1, we get the claim.

Let us prove that ¢ satisfies (1.2). Consider the spaces E, given by (3.2). Then
(Hp(X5))2_, forms an orthonormal basis in E,. Employing Lemma A.1, we can write

Elp| Xu] =Prp, ¢ = Z«O’ Hpp (X)) Hin (X7)

N,00

= Z Qe (Hin(Xk), Hi (X)) Hi (X))

k,m=1

N,00
= Y O H(X,)
kym=1

m=1
:(pn(Xn), n:]_,...,N.
An application of Lemma 3.1 completes the proof. O

As is well known, the Hermite polynomials are the result of orthogonalization
of the system of polynomials with respect to the Gaussian measure. Therefore,
E[XMH,,(X,)] =0 for m > M. Consequently, if each ¢, is a polynomial of degree M,
then a,, = 0 for m > M. Thus, we get

Corollary 4.2. (i) Suppose that
Spn(x):anl‘, n:].,...,N.

Set « = C'a, where a = (a1, . ..,an) (we are considering all vectors as column-vectors).
Then the solution of (1.3) is given by

N
o(xy,...,zN) = Zanxn.
k=1

(ii) Suppose that
on(z) = ap(2* —1), n=1,...,N.
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Set a = (C*)"ta, where C? is the componentwise square of C. Then the solution of (1.3)
s given by

N
o(x1,...,TN) = Zan(xi —1).
n=1

(iii) Suppose that each p, is a polynomial of degree M. Then the solution of (1.3) is
given by (4.3) with the summation in m going up to M.

Let us remark that the solution provided by Corollary 4.2 (i) has the same form as the
function described in Subsection 2.1. In other words, if P is Gaussian and ¢,, are linear,
our methodology provides the linear regression estimate of R given Xy,..., Xy.

4.3 Gaussian Copula

Suppose that P is a non-degenerate Gaussian copula, i.e. there exists a non-degenerate
Gaussian vector (Xi,...,Xy) and increasing functions f, : R — R such that P =
Law(f1(X1),..., fv(Xy)). We can arrange f, and X, in such a way that EX, = 0
and E)?ﬁ =1 for any n.

Denote P = Law()N(l, e ,)?N) and ¢, = ¢, o f,. Let ¢ be the solution of the problem
based on P and (®n), which was provided in the previous subsection. Then, clearly, the
function

@(xlv"'axN):@/(fl_l(xl)v"'afj\_fl(x]v))v (44)

where f~! is the right-continuous inverse of f,,, satisfies (1.2). As ¢ is the sum of functions
of one variable, the same is true for ¢. By Lemma 3.1, ¢ is the solution of (1.3).
To sum up, the procedure for solving (1.3) consists of the following steps:

1. Estimate from the data the distribution P = Law(X7,..., Xy) (assumed here to
be a Gaussian copula) and the conditional expectations ¢, (z) = E[R|X,, = z].

2. Find the functions f, such that P = Law(f,(X1), ..., fy(Xy)), where (X1, ..., Xy)
is Gaussian with EX,, = 0 and EX? = 1.

3. Fix a number M € N (for example, 30) and find the coefficients (a,m;n =
l,...,N, m=1,...,M) given by (4.1) with X, replaced by X, and ©n replaced
by (1’5n = ¥n o fn

4. Find the values (aym;n=1,...,N, m=1,..., M) by solving linear systems (4.2)
form =1,..., M, where C is the covariance matrix of ()?1, e ,)?N).

5. Define the function ¢ by (4.3) and find the function ¢ given by (4.4). This is the
desired solution.

5 Multidimensional Factors

In this section, we consider problem (1.3) for multidimensional X,,, i.e. we suppose that
X, = (X!,..., X% is a random vector (the dimensions d, are different for different n).
The practical motivation comes from the fact that some factors, like the price of oil,
are inherently one-dimensional, while some others, like different parts of the yield curve,
are inherently multidimensional. Considerations of Section 3 as well as Subsections 4.1
and 4.3 admit a straightforward extension to multidimensional X,,. This is not the case
for Subsection 4.2, and the present section will deal with the corresponding extension.

12



Thus, we assume that the vector (X! :n =1,...,N, i = 1,...,d,) is Gaussian and
non-degenerate, while each ¢, : R — R satlsﬁes Ecpn(Xn) =0 and Ep2(X,) < cc.

5.1 Two Factors

We first consider the case N = 2. Without loss of generality, d; > dy. We can represent
each X, as A,Y,, where A, is a non-degenerate d,, X d, matrix and Y,, has a standard
Gaussian distribution in R% , i.e. cov(Y;,,Y;?) = I(i = j). Let C denote the covariance
matrix between Y; and Ys, ie. C% = cov(Y},Y). According to the singular value
decomposition (SVD), there exist a d; x d; unitary matrix U; and a dy X dy unitary
matrix Us such that C' = U; DU (“¢” denotes the transpose) with a d; x do diagonal
matrix D, i.e. D;; = 0 for ¢ # j. SVD is a standard numerical tool (see [5]), and
procedures for finding U;, U, are implemented in most of mathematical packages, like
MATLAB. Thus, Y,, can be represented as Y, = U,Z, (we are considering all random
vectors as column-vectors), where Z, = (Z},...,2%), Zy = (Z},...,Z%) are jointly
Gaussian vectors with cov(Z?, Z]) = 0 for i # j. As U, is unitary and Y, has a standard
Gaussian distribution, the same is true for Z,. As a result, we can represent X,, as B,Z,
with B, = A,U,.

Denote by M, the space of nonzero multiindices of length d,,, i.e. M, consists of
collections (m(1),...,m(dy)), where m(i) take the values 0,1,2,... and at least one of
m(7) is greater than zero. For m € M, we consider the correspondmg multidimensional
Hermite polynomial

Hm(zl,...,zd") = Hy,) (zl) ----- Hm(dn)(zd"), (zl,...,zd") € R,
Consider the functions ¢, (z) = ¢,(B,z2) and set
nm = {Pn(Zn), Hn(Zn)), n=1,2, m € M,.

There exists a natural inclusion of M5 in M;; we will informally write My C M;. For
m € My, we will denote

P = (pl)m(l) ..... (pdz)m(dz),
where p' = cov(Zi, Zi). For m € Ms, set

N :alm—pmazm N _a2m_pmalm
T T

For m € M, \ M,, we set oy, = ay,,. Consider the function

(21, 22) Z mHyp (21) + Z QomHp(22), 21 € R%", z, € R®

meM; me Mo

and let (1, 75) = ¢(By 2y, By 'xy).

Let us prove that ¢ is the desired solution of (1.3). To verify the L?-convergence of the
above series, note that the vector (Z;, Z) is non-degenerate, and therefore, there exists
A < 1 such that |p'| < X for any i = 1,...,dy. Then |[p™| < X for any m € M,, which
implies that |apm,| < (1 —X2)7t (|a1m| + |agm|) for m € Ms. As the system (H,, (X,))menr,

is orthonormal, we get > m < 00, and hence, > < 00.

me My, meMpy

13



Clearly, ||H,,(Z,)|| = 1 for any m € M, and

0 if my §£ meao,

P

<Hm1 (Zl)v Hm2(22)> = {

if my = My,

where the equality m; = my means that m (i) = my(i) for i < dy and my(i) = 0 for
i > dy. For m € My \ M,, we have

(P(Z1, Za), Hin(Z1)) = um = a1m = (p1(Z1), Hu(Z1)).

For m € M, we have

(P(Z1, Z2), Hn(Z1)) = aum + Qomp™ = a1m = ($1(Z21), Hiu(Z1))-

As the system (H,,(Z1))menr, forms an orthonormal basis in the space E} of Z;-measurable
square integrable random variables with zero mean (see [7; Ch. II, § 2]), we see that
PI‘E1 (;5(21,22) = &1(21) In other WOI'dS, E[(E(Zl,Zg) |Zl] = @/1(21), which means that
E[p(X1, X2) | Xi] = ¢1(X1). In the same way, we prove that E[p(X, Xs) | Xo] = ¢2(X).
Now, the multidimensional analog of Lemma 3.1 guarantees that ¢ is the desired solution.

5.2 Multiple Factors

Consider now an arbitrary N. The solution of (1.3) will be constructed in a sequence of
steps. Without loss of generality, d; > --- > dy. B B

Step 1. Applying the above described procedure to X; = X1, X3 = X5, 01 = 1, and
0o = , we get a function ¢qo : R +% — R such that

E[(PIQ(XMX?) |Xn] = Spn(Xn)a n=1,2

Step 2. Applying the above described procedure to X; = (X1, X5), Xo = X3, @1 = @12,
and Qo = 3, we get a function @93 : R T92+4s 3 R such that

E[p123 (X7, Xo, X3) | X1, Xo] = p12(X1, Xo),
E[<P123(X1, X2,X3) |X3] = 903(X3)-

The first equality implies that
Elr123(X1, Xo, X3) | Xy = E[p12(X1, Xo) [ X0] = 0n(Xy), n=1,2.

Proceeding in the same way, we will construct the desired solution at the (N — 1)-st
step.

6 Three Types of Risk

The risk of a portfolio can be decomposed into a sum of systematic and idiosyncratic
risk. The results of this paper allow us to decompose further the systematic risk into two
components. This is the topic of the present section.

14



Let R, X1,..., Xy be random variables with ER? < 0co. Denote

P =Law(Xy,...,Xy),
¢n(r) = E[R| X, = 7],
Y(zy,...,xy) =E[R|X) =21,..., Xy = zn].

Suppose that there exists a solution ¢ of (1.3) (clearly, it is unique up to P-
indistinguishability). Consider the decomposition

R=R'+ R’ + R’ (6.1)
where

Rl ZQO(XI,...,XN),
R2 :¢(X1,7XN) —(,O(Xl,..-,XN),
R*=R—¢(Xy,...,Xn).

Proposition 6.1. The random variables R', R*, R? are uncorrelated.

Proof. Without loss of generality, ER = 0. Let E,, be given by (3.2) and E denote the
L?-closure of Ey +---+ Ey. The random variable Prg R is (X1, ..., Xy)-measurable and
hence, it can be written as ¢(X1,..., Xy). We have

Prg, o(Xi,...,Xn) = Prg, R = ¢, (X,).

This means that ¢ satisfies (1.2). Furthermore, ||¢(Xy,...,Xn)|| < (X1, ..., Xn)]|s
and the equality is possible only if ¢ = ¢ P-a.s. As a result,

QO(Xl, Ce ;XN) == PI'E R.
Consider now the space

L={¢€cL?:¢is (Xy,..., Xy)-measurable, E€ = 0}.

Then
P(Xy,...,Xny)=PrpR,
so that
R' =PrgR, R*=Pr,R—-PrpR, R*=R—-Pr.R.
As E C L, we get the desired claim. O

Decomposition (6.1) might be interpreted as the decomposition of the risk of R into
three components. As seen from Theorem 3.2, the component R' is typically a sum of
monomials, i.e. functions of single random variables X,,. We can say that it corresponds
to the monomial risk. The component R? captures the non-linearity of ¢ coming from
non-monomial terms, such as X;X,. We might say that it corresponds to the cross-term
risk. Finally, R® accounts for the the idiosyncratic risk. Thus, the above decomposition
of R might be interpreted as:

Risk = Monomial risk + Cross-term risk + Idiosyncratic risk.

In these terms, the topic of this paper is recovering the monomial risk.

15



7 Conclusion

We consider the problem of estimating the risk of a portfolio with scarce observations,
for example, the returns of a hedge fund. We assume that from the data one can derive
the joint laws of the portfolio’s return and each of the factors, as well as the joint law of
all the factors. The problem under consideration is recovering the conditional mean of
the return given all the factors. This problem also admits a statistical interpretation of
recovering the non-linear multidimensional regression function from the one-dimensional
regression functions. It also admits an interpretation of assessing the risk of a portfolio
from one-dimensional non-linear factor risks.

This problem admits multiple solutions. In order to get a single one, we are looking for
the “most moderate one” in the sense that it has the minimal variance. In this formulation,
the solution would typically exist, be unique, and possess a number of nice features like
linearity (i.e. the solution corresponding to the sum of portfolios is the sum of solutions)
and continuity (stability under misspecification of the data). Moreover, it has the form of
a sum of functions of single factors. This result admits an interpretation of decomposing
the portfolio’s risk in three components: the risk coming from sums of non-linear functions
of single factors, the risk coming from the cross-terms, and the idiosyncratic risk.

We have provided an explicit form of the solution of the above problem for the prac-
tically important case when the joint law of factors is a Gaussian copula. This case is
immediately reduced to the Gaussian one. In the latter case, we provide a solution, whose
practical calculation consists in finding several integrals of one-dimensional functions and
solving several N-dimensional linear systems, where N is the number of factors (the ex-
plicit procedure is described in Subsection 4.3). Thus, our solution is easily implementable
and practically meaningful because the Gaussian copula is a very popular model for the
joint distribution of factors in the modern risk measurement.

Appendix

For the completeness of exposition, we give here the proofs of some known facts from
probability and linear algebra.

Lemma A.1. Let X,Y be a jointly Gaussian vector with EX = EY = 0, EX? =
EY? =1, and E[XY] = p. Then

0 if m#Ek,
P if m=k.

(Hn(X), Hp(Y)) = {

Proof. Write down the Taylor expansion

2 - = a™
exp{ar —a/2} = EOHm(x)%, a,r € R
Then
E X —a?/2 bY b22—OOEHXHY—ambk beR
exp{aX —a®/2}exp(0Y —17/2)] = D E[Hu(X)H(Y)] 7. abER

m,k=0
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On the other hand,

Elexp{aX — a®/2} exp{bY — b?/2}] = Eexp{aX + bY — (a® + 2pab + b*)/2 + pab}

- a™b™
= exp{pab} = Z p" — abeR
— m!
Equating the coefficients in the two series, we get the result. O

The next result goes back to Jacobi.

Lemma A.2. Let A, B be two symmetric positive definite non-degenerate N -
dimensional matrices. Then their componentwise product (Anank)q]szl has the same
properties.

Proof. Consider independent N-dimensional Gaussian vectors X,Y with mean zero
and covariance matrices A, B, respectively. Then the covariance matrix of the vector
(X1Y7,..., XnYy) is exactly the componentwise product of A and B. Thus, the matrix
is positively definite. To show its non-degeneracy, assume that there exists a vector
(a1,...,ay) such that > a,X,Y, = 0. We can find an equivalent measure ), under
which XY remain independent and have independent components. Then the above
equality holds ()-a.s., which implies that each a, XY, is degenerate under () and hence,
under the original measure. As E[X,,Y,,] =0, we get a,X,Y,, =0, i.e. a, =0. O
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